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As far as the spindle motor is concerned, the moment of inertia and the torque 
performance are two important factors in the hard disk drive industry. The first one is 
related with the drive’s dynamic behavior while the latter one directly indicates the 
driving ability of a spindle motor.  
Generally speaking, in other systems of industrial drives, such as automation and 
power system, because the motor is big in size, lots of measuring manners can be 
applied to the motors for the measurement of these two quantities. Nevertheless, the 
motor used in hard disk drive industry is very small in form compared to its 
counterparts in other industries. As such, many conventional methods widely used in 
the other industrial drive systems are not applicable in the hard disk drive industry. 
Especially, those measuring methods utilizing encoders or sensors are definitely not 
usable on the ground that the motor is too small to install an encoder on it. Whereas if 
there does exist this kind of sensor, the cost of such a kind of sensor is quite high. 
Moreover, because of the requirement for mass production in hard disk drive industry, 
the motor should be tested and measured in the hard disk drive assembly level. In other 
words, given a motor as the testing object, no other complicated devices for testing are 
supposed to be installed on the motor, which might slow down the entire testing 
procedure if the measurement is prepared to be used in the production line. Apparently, 
with this consideration, the only interface feasible from the motor side will be the 3 




In this thesis, the sensorless measurement methods for the torque constant, Back-EMF 
constant and the moment of inertia are given in detail accompanied with the 
experiment results. Within all the measurement setup and process, only the 3 phase 
terminal voltage and current signals are available. They are sampled into a personal 
computer through a data acquisition card for further processing and the 
implementation of the measuring algorithm. The measurement is solely based on the 
All-In-One (AIO) spindle motor testing system we have built. These quantities of 
interest are derived from the voltage and current quantities. Apart from the 
measurement, a signal processing algorithm for noise filtering of aperiodic signal is 
also given together with simulation results. This algorithm is an important component 
of the inertia measurement process. The measuring procedure and the experiment 






ADC: Analog Digital Converter 
AIO: All-In-One spindle motor testing system 
AMB: Active-Magnetic-Bearing 
Back-EMF: Back Electromotive Force 
BLDC: Brushless Direct Current motor 
DFT: Discrete Fourier Transform 
DTC: Direct Torque Control 
EM: Electromagnetic 
EMC: Electro Magnetic Compatibility 
FDB: Fluid-Dynamic-Bearing 
HDA: Hard Disk Assembly 
HDD: Hard Disk Drive 
MOI: Moment of Inertia 
NdFeB: Neodymium Iron Boron 
PMSM: Permanent Magnet Synchronous Motor 
TPI: Track Per Inch 
ZCP: Zero Crossing Point 
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1. Introduction 
1.1. Motivation of the work 
Parameter identification or parameter testing of a motor by means of sensorless 
technology is very much concerned in many industries. For example, in hard disk drive 
(HDD) industry [1], the spindle motor, in effect a brushless DC motor (BLDC), is 
widely used. The sensorless techniques, [2] and [3], are extensively utilized because of 
the nature of the spindle motor used in HDDs. Besides, the fast and accurate parameter 
measurement of a motor is a prerequisite for the mass production and a key factor of 
quality control in high productivity. Moreover, the identification process must be 
simple enough for its implementation in the production line, which means these 
parameters should be identified in hard-disk drive assembly (HDA) level. 
Nowadays, there is a consistent growing trend to do the measurement or test in a 
transducerless, i.e. non-contact, manner for the purpose of minimizing the interference 
to the measurement. The sensorless manner, due to the simplicity and reliability, has its 
advantages over the methods based on sensors. For such reason, together with the 
nature characteristics of the HDD industry, the sensorless method for the parameters 
measurement or identification is expected to be developed. In this thesis, the motor 
parameters for identification and measurement are mainly focused on the moment of 
inertia and torque constant, KT. Meanwhile, a signal processing technique used for 
processing the sensorless speed signal is introduced as well. 
Chapter I 
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1.2. Scope Definition 
To make things clear, definition is the first step for the consequent research and 
analysis. The spindle motor here analyzed in this thesis is mainly used inside an HDD 
as is shown in the following figure. 
 
Fig. 1.1 Typical Structure of Spindle Motor Used inside an HDD (8 poles-12 slots) 
Essentially, this motor is of the brushless DC motor (BLDC) type. In the figure, the 
motor has an outer rotor structure. However, this type of motor has the following 
unique characteristics determined by its design and special structure.  
First of all, the sensorless control, [4] and [5], is the only scheme for control of it 
because of the compactness of the motor. Secondly, because of the removal of brushes 
and commutator, the permanent magnet with high energy product, such as NdFeB, is 
surface-mounted on the rotor yoke as the source for air-gap magnetic field. As such, 
the equivalent air-gap of the motor is big and the inductance of the winding is small. 
Chapter I 
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Thirdly, since the magnetic field is induced by the magnet with surface-mounted 
structure and the rated operating current for the motor is in the range of milliampere, 
the armature reaction caused by the injected current can be neglected. Fourthly, by 
design, concentrated winding is utilized in the motor rather than distributed ones. Thus, 
the Back-EMF induced in the motor windings is easy to be designed with sinusoidal 
peculiarity, i.e. high order harmonics in the Back-EMF can be neglected. In analysis, 
the Back-EMF can be considered to contain only the fundamental component. Fifthly, 
generally, the number of pole pair of this motor is bigger than 3, i.e. 6 poles, for 
realizing accurate speed control. Lastly, this type of motor is usually rated to run at 
about several kilo rpm, relatively high compared with other kinds of motors. 
1.3. Organization of the thesis 
Above all, the literature of the related motor parameter measurement and identification 
is surveyed. After that, the signal processing techniques utilized in the inertia 
measurement, Optimal Spline, is first introduced in theory. Then, beginning from the 
basic quantity, torque constant, the subsequent chapters deal with the motor’s 
parameters respectively. Chapter 4 introduces the method aiming at the measurement 
of torque constant. Chapter 5 is focused on the application of Optimal Spline and 
inertia measurement. 
The thesis deals with a specific parameter of interest in each chapter, where the 
detailed procedures and techniques used together with plenty of illustrations are given 
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2. Literature Review 
When it comes to the parameter identification or measurement, usually, there are two 
different major categories, direct calculation or measurement and indirect sensorless 
manner. For example, given an object, you can either measure the mass by means of 
the balance or calculate the mass with its dimension, i.e. volume, and the density of the 
material. The latter is the first category of identification, which is conventionally used 
in our daily life. As for the second category, usually, a quantity is reflected indirectly 
through some specific physical phenomena, which can be expressed analytically by 
means of some equations. 
2.1. Torque Constant Measurement 
With regard to various parameters of the brushless DC motor as well as the 
conventional DC motor, the torque constant and the Back-EMF constant are two of the 
most important fundamental parameters. They are determined solely by the motor’s 
structure. The torque constant implies the motor ability in the aspect of output torque 
while the Back-EMF constant can be thought of the ability of the motor to convert the 
kinetic energy in rotational movement back to the electrical energy in the motor 
windings. 
As was discussed in [6], these constants have different values according to different 
definitions with regard to any machine. Thereby, the torque constant within this thesis, 
denoted as KT, is defined in the following equation, 
Chapter II 
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where, Te is the electromagnetic (EM) torque produced by the motor, ia, ib and ic are 
the currents in the windings of A, B and C phase respectively, and hm is the mth 
harmonic component. 
Similarly, the Back-EMF constant in this thesis, denoted with Ke, here is defined by 
following equations, which is the most conventional definition, 
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where, ea, eb and ec are the Back-EMF in the windings of A, B and C phase respectively, 
n is the motor speed in rpm, and hm is the mth component related to the mth harmonic. 
However, in the spindle motor used in HDDs, the sinusoidal purity of the Back-EMF 
signal is quite good because of the concentrated winding and high energy product 
magnet used. Additionally, the inductance effect is often ignored because of the small 
size of the BLDC used in HDD. As such, these harmonic coefficients can be neglected. 
Conventionally, if the efficiency of the output is assumed to be full scale, i.e. 100%, 
Chapter II 
- 7 - 
the motor EM power can be written in the following form, 
 em a a b b c c emP e i e i e i T ω= + + = ⋅  (2.3) 
where, Tem is the EM torque produced by the motor, and ω is the angular velocity of 
the motor, in rad/s, e and i denote the Back-EMF voltage and the current in the motor 
winding respectively. 
From the above equation together with the definition of KT and Ke in this thesis, we 
can know that these 2 basic quantities here are proportional to each other with a 
constant in the following equation. 
 
30
T eK Kπ=  (2.4) 
Therefore, torque constant KT and Back-EMF constant Ke are substantially one 
parameter in this case. They are usually determined by the EM structure and the 
magnet used in the motor. Hence, in the following discussion, the Back-EMF constant 
is studied. 
However, concerning the testing procedure of the Back-EMF constant, little can be 
found since it is a quantity given by the designer of the motor. Usually, it can also be 
calculated, [7], according to the EM structure under a specific motor dimensions, such 
as the width of the slots, magnets, together with the magnetic characteristics of the 
magnet. Alternatively, other more complicated methods, such as Kalman Filter, [8], 
can be found. Nevertheless, given a spindle motor used in HDD, how can we get the 
Chapter II 
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torque constant measured only with the 4 wires, i.e. 3 phases plus one neutral point, 
coming out from a motor? In this thesis, a new and accurate algorithm for torque 
constant identification in a transducerless manner is present together with its stable 
results as is shown in the following parts. 
2.2. Moment of Inertia Measurement 
Moment of inertia (MOI) is a basic physics quantity. In Webster dictionary, the term 
inertia is defined as “That property of matter by which it tends when at rest to remain 
so, and when in motion to continue in motion, and in the straight line or direction, 
unless acted on by some external force”. Inertia is the quantitative measurement of an 
object to keep its original movement state especially in rotation. 
Again, definition is the first step. In this thesis, the system moment of inertia of a 
hard-disk drive is defined as the inertia of the whole rotating parts, e.g. the screws, the 
spacer and so on, around the rotational axis of a spindle motor while the drive is 
running. In other words, the system rotational inertia accounts for the entire 
mechanical load for the motor driving system. This quantity has always been a key 
factor concerned by many HDD manufactures. In the HDD industry, the accurate 
inertia measurement has profound significance to the entire production. 
For instance, the accurate measurement of the system rotational inertia can somehow 
reflect the unbalance and the component quality. As is known, usually, a rotating object 
has 3 centers, i.e. geometric center, rotation center, center of mass. Geometric center is 
Chapter II 
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found by the dimension of the object. Rotation center, apparently, is the rotational 
center according to which the object is rotating. Inertia value is usually calculated 
based on the rotation center. As for the center of mass, i.e. centroid or center of gravity, 
it is the center which can be used to represent the whole mass. Conventionally, with an 
object with regular symmetric shape, these 3 centers are considered to be at the same 
place. However, regarding the precise measurement or manufactory, the difference 
among these 3 centers has to be taken into consideration.  
In HDD industry, every time the disk is mounted onto the spindle motor, strictly 
speaking, the places mounted are different. Consequently, the rotation center is 
different from time to time, which leads to the difference in the inertia measured. 
Further, comparing the inertia measured with the inertia value calculated from the 
geometric dimension, the eccentricity can be found. As such, the correctness of the 
inertia measurement can reflect the eccentricity among these 3 centers. Moreover, 
during the operation of the motor, it is the measured system rotational inertia value 
with respect to the rotational axis that is used for further analysis and control process. 
Besides, if there are some problems, such as deficits in some components for disk 
assembly, with the parts, the resultant system MOI will also be different. 
From the aspect of motor driving system control, for precision spindle motor, the 
system can be modelled as a non-linear system for control. Especially in HDD, 
sensorless control is extensively used, which requires the rotor position and speed 
information to be estimated or calculated from the voltage or current signals. Extended 
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Kalman filter, employed by Bozo Terzic [9] and Rached Dhaouadi [10], is a broadly 
used scheme in sensorless brushless DC motor control. With inertia being a parameter 
in the model, the accurate inertia value can improve the accuracy of the state 
estimation, e.g. the rotor position or speed. 
In the last few years, continuously, there is a robust trend to accomplish electrical 
drives with a better dynamic behavior. This trend can be seen clearly in the HDD 
industry. Usually, a fast spin-up phase is a must to any HDD. Being a factor relating 
with the dynamic response of the motor as analyzed in [11] and [12], the system 
rotational inertia can be used to realize fast spin-up under the sensorless BLDC driving 
mode in HDD, thus optimizing the motor dynamic behavior. 
2.2.1. Conventional Method for Inertia Measurement 
Concerning the inertia measurement of a motor, i.e. the rotor inertia, there are several 
techniques employed for it. The conventional methods of parameter identification of a 
motor are very time consuming and complicated. Usually, there are 5 conventional 
methods used in measuring the rotor’s inertia of the motor as are given in [13] . 
 Calculation Method 
First of all, the commonest way for inertia measurement, one can easily think of, is to 
get the value from the inertia calculation equation which can be found in some physics 
books. General speaking, the inertia of a regular shape object, such as cylinder, cone 
and so on, can be simply calculated as demonstrated in the following figure. 
Chapter II 
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Fig. 2.1 Calculation Equations for Regular Shape Objects 
Here, the MOI of a motor can be considered as the load inertia plus the motor’s rotor 
inertia itself. Usually, regarding the disk inertia, the calculation method by means of 
the dimensional quantities together with the density leads to inertia value of the disk 
with respect to its centroid. In a hard-disk drive, when the disk is installed on the motor, 
the inertia of the disk certainly accounts for the majority of the system inertia. But, 
when the motor is rotating with disk mounted, not only the disk is rotating, some 
irregular shape parts, e.g. the spacer, the screws and the motor rotor, are also rotating 
with respect to the rotational shaft. How can we know the inertia value of the rest parts, 
i.e. the parts for fixing the disk and motor’s rotor, by calculation? 
Chapter II 
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As is stated earlier, in the real application, although the disk is installed onto the 
spindle motor with its centroid in the same position as the rotational shaft as possible, 
there might still exist slight difference between the rotational center and the centroid of 
the plate in every disk assembly process of different drives. Thereby, the inertia value 
of the disk from calculation might not be the real inertia value present in the rotational 
movement of the entire disk drive system. 
Concerning a specific drive, it is the inertia value with respect to the rotational shaft 
during operation that is of interest in order to improve the dynamic behavior of the 
drive. In other words, no matter what the inertia value is with respect to its centroid, 
the system rotational inertia value with respect to the rotational shaft after disk 
mounting is the one that is used in the modeling and further analysis. In conclusion, 
the calculation method is not effective in such situation because of the different errors 
emerging in the disk mounting process together with the uncertainty introduced by the 
fixing parts. 
 Torsional Vibration Method 
Apart from the direct calculation, the torsional vibration, [13]–[16] is another usual 
means of inertia measurement. The entire system is composed of a vertical rod or wire 
securely clamped and rigidly supported from its upper end, and a collar clamped at the 
lower end to connect the rod and the parts to be measured, i.e. the motor rotor. 
Chapter II 
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Fig. 2.2 Torsional Vibration Illustration 
First of all, a calibration part whose inertia value must be known accurately is installed 
on the collar. After that, the system is set in torsional vibration with respect to the axis 
of the rod and the natural frequency of this system is measured and denoted as t0. 
Secondly, with the calibration part dissembled from the collar, the part for 
measurement, i.e. motor rotor together with loads and other fixture parts, is installed 
on the collar. Again, the new system is set in torsional vibration according to the same 
rotational shaft as the previous one. The natural frequency now is also measured and 
denoted as t. Given the collar inertia value, denoted as Jc, and calibration inertia value 
as J0, the inertia value of the latter installed part, which is of our interest of 
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Nevertheless, in HDD, if this method were carried out, the rotor together with the plate 
and some fixtures had to be removed from the motor frame. As is stated above, the 
inertia value obtained in this manner may differ from the actual value when the entire 
system is assembled because of the inevitable assembly error. Moreover, it is very 
troublesome in mass production if the rotor and the disk have to be disassembled for 
measurement and reassemble after measurement. The whole process is very time 
consuming. 
 Pendulum Method 
Alternatively, the pendulum, which also involves oscillation, is another way similar to 
the torsional vibration method commonly utilized for inertia measurement. As is 
shown in [13], usually, the rotational shaft of the motor is set to be horizontal with a 
vertical rod connected perpendicularly to the shaft. Next, the weight is lifted to some 
height and released to swing for pendulum movement. The period of oscillation is 
measured and the inertia of the weight about the horizontal rotational shaft is also 
calculated. The following figure demonstrates the basic setup of this method. 
Chapter II 
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Fig. 2.3 Pendulum System Illustration 
However, this method has some drawbacks. Two concenter bearings to support the 
rotor has to be made for the measurement if the rotor is again take out for measurement 
as is stated in [13]. Additionally, the weight value and the length of the rod have to be 
accurately known. The friction, which is ubiquitous in our circumstance, can affect the 
results of the measurement greatly.  
Further, if this method were applied in the HDD without the rotor and disk taken out 
from the drive, because the fluid-dynamic-bearing (FDB) is widely used in the HDD, 
the liquid pressure in the FDB may not support the rotor to rotate strictly horizontally 
due to the gravity of the rotor itself. This will certainly make the inertia result incorrect. 
And to install some other parts precisely is not only a difficult job but also quite 
time-consuming. However, if the disk and rotor are taken out from the motor, the 
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 Falling Weight and Pulley Method 
The last conventional method discussed in [13] makes use of a falling weight driving 
the motor rotor. In this case, the rotor need not be taken out from the motor frame. 
Rotor shaft is connected concentrically with a light weight pulley. During testing, the 
falling weight will drive the pulley to rotate. Moreover, two photocell detectors are 
placed with a known distance for the calculation of acceleration of the falling weight. 
 
Fig. 2.4 Falling Weight and Pulley System Illustration 
Considering the ideal situation, i.e. the one without friction, the inertia of the rotor can 
be given in the following equation. 
 2
1 1
pJ mr Ja g
⎛ ⎞= − −⎜ ⎟⎝ ⎠  (2.6) 
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the gravitational constant, the r is the radius of the pulley and Jp stands for the pulley 
inertia about the rotational shaft, m for the mass of the falling weight. 
However, a critical requirement in this method is that the falling weight should be 
falling at a constant acceleration. Usually, the frictional torque is modeled as a quantity 
relating only with the rotational speed. In real practice, on considering the friction into 
this falling weight system, the constant acceleration can never be achieved due to the 
variation of frictional torque with the falling speed. As such, this method cannot be 
applied in the measurement of system inertia of an HDD. 
 Mechanical Time Constant Method 
As another famous equation in the motor theory, the inertia value can be given in the 
following form. In [13] and [17], this equation is used to evaluate the inertia. 




τ=  (2.7) 
In the above equation, τm is the mechanical time constant, defined as the time when the 
speed decaying to 36.3% of the base speed in the coasting period. KT and Ke stands for 
the torque constant and Back-EMF constant respectively. In this method, the motor is 
first driven to its base speed and then shut down the power. By measuring the time 
when the speed decays about 36.3%, i.e. e-1, of the base speed, the mechanical time 
constant is thus obtained. The other quantities needed for calculation, i.e. torque 
constant and Back-EMF constant and armature resistance measured, can be measured 
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accurately. However, the friction in the motor bearing may introduce the uncertainty 
and error to the result of the mechanical time constant measurement. As such, this 
method may employ some large error and cannot be utilized in the HDD industry. 
 Parameter Identification 
Considering the BLDC motor as a black box for control system, parameter 
identification, [7], [8], [13] and [17]–[19], of the plant can be utilized in the 
measurement of the system parameter, such as inertia, armature resistances and so on. 
By means of the input-output quantities, i.e. voltage and velocity, the system parameter 
can be estimated. The role of the identification consists of describing the behavior of 
the given plant by a suitable chosen model [20]. 
This method is radically based upon control theory, and usually the torque meter is 
utilized in it, which is inapplicable in the HDD. Moreover, a model, employing 
Kalman Filter or RLS, [21]–[23], (Recursive Least Square) algorithm, to represent the 
motor has to be chosen for identification and validation. This entire process is quite 
complicated and time consuming. And the accuracy of the parameter identification 
might not be as high as that of the conventional measurement. Thereby, it is not 
suitable in the HDD industry as well. 
2.2.2. Prerequisites in HDD industry 
From the aforementioned analysis, to sum up, in the HDD industry, there are following 
requirements for the implementation of the inertia measurement. First of all, the 
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sensorless method should be utilized. Due to the natural compactness characteristics of 
an HDD, no torque or speed sensor is possible to be imposed on it. This indicates that 
only the electrical quantities, such as motor terminal voltages and currents can be 
measured. Apparently, so as to carry out the test or measurement in the HDA 
(Hard-disk Drive Assembly) level, where only 3 terminal wires are available, 
sensorless measurement is the only way. Moreover, because of the fragility of the 
sensor or encoder, the reliability of the measurement system, which employs torque or 
speed sensors, may not be high due to the fact that the spindle motor used in an HDD 
generally operates at about several kilo rpms. Thereby, the inertia and some other value 
related from the inertia calculation should only be deducted from the terminal voltage 
sampled in a sensorless manner. 
Secondly, for the high accuracy of inertia measurement, the frictional moment should 
be taken into consideration. Usually, the viscous momentum is thought to have linear 
relationship with the motor speed, i.e. proportional to the speed with a constant. Under 
a specific speed value, the frictional moment should be identical no matter how the 
motor reaches that state. Because the frictional torque is ubiquitous in the environment 
and the spindle motor is small in size and its performance is sensitive to the friction, 
the ignorance of it may affect the measurement results. 
Thirdly, the entire process should be fast and easy to accomplish if the measurement is 
going to be applied on the mass production line, where testing speed and simplicity is 
of some importance. 
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Based on the above considerations and requirements, this thesis introduces a sensorless 
and novel method of the system inertia measurement, which can be implemented in 
both component and HDA level, as is summarized below. 
2.2.3. Other Method 
Generally speaking, the unknown or uncertainty of the frictional torque, which is 
usually assumed to be linear with the motor velocity, makes the formation of the 
Newton’s second law equation in rotation containing two unknown values to be solved. 
However, in [24], Abler cancels out the frictional torque by subtracting the equation 
under run-up phase and coasting phase with respect to a specific speed for calculation. 
After the cancellation of the frictional torque, the only unknown quantity left for 
solving is the inertia. 
Considering this method, the frictional torque can be cancelled in the similar manner. 
The only difference here is that Abler’s method is applicable to an internal combustion 
engine where the tachometer or other sensor can be easily employed. Moreover, in the 
HDD used spindle motor, during the start-up phase, the motor winding is connected 
with the drive circuit, which makes the extracting of motor state information, such as 
speed and power, through the Back-EMF induced in the windings troublesome. Hence, 
for those considerations, the entire process can be summed as the motor is driven twice 
up to the same speed after which it is firstly freewheeling to the still state and secondly 
braking freewheeling with external 3-phase braking resistors imposed so as to form 2 
nonsingular equation sets for solving. Provided with the required value in these 
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equations, the result gives the inertia value of interest. The detail of the implementation 
and realization is discussed in the following chapter with full illustration and 
clarification. 
2.3. Speed Measurement and Optimal Spline 
Speed measurement, especially that utilizing the sensorless manner, [2] [4] [5], plays 
an important part in the motor testing. For instance, in the inertia measurement, speed 
measurement is a must according to the subsequent analysis. Since the coasting period 
is of our interest in this thesis rather than the normal operation state, in a sensorlessly 
way, the speed can only be extracted from the Back-EMF signal in the motor winding 
during coasting. However, no matter what method we choose to measure the speed, the 
speed signal we get is discretized as a sequence of pulses or some data sets because the 
output of the encoder or resolver in the methods employing sensors and the 
sensorlessly calculated speed signal is not a continuous one. When a computer is used 
to process data, the discretization is a must of this process. But when the data has to be 
brought back to the reality, it is often meaningful in the continuous form. As such, the 
speed signal has to be processed by some algorithm giving the continuous counterpart. 
Yet, for restoring the continuous signal from the discrete one, we cannot simply 
linearly connect the discrete points to form the resultant curve because, in this manner, 
the reconstructed curve is definitely fluctuating and oscillating. Smoothness is always 
a necessary condition in some process and in further analysis, as is in our case. Hence, 
some signal processing method is needed to be carried out. 
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Regarding the signal processing, there are many methods relating to the signal 
reconstruction or restoring. Discrete Fourier Transformation (DFT) or its fast 
counterpart Fast Fourier Transform (FFT), [26], is a common way for signal analysis. 
Because any periodic signal can be decomposed into the summation of the harmonics 
of different orders, given the signal, by decomposing it, the signal can be represented 
by its sinusoid or cosine delegates, which is thus continuous. However, this algorithm 
may encounter serious errors if the signal is not cyclic. At this case, the signal has to be 
compensated to be periodic, i.e. by expanding the aperiodic signal with the aliases 
across the extent of interest to positive infinite and negative infinite so as to be 
processed by this algorithm. This expanding process may cause serious error around 
the edges of the interval of interest. Additionally, in the algorithm of DFT, the input 
discretized data sequence should be evenly sampled [26]. However, it might not 
always be the case. For example, in our research of inertia measurement, the time 
intervals between two contiguous speed data points are different from each other due 
to the fashion of obtaining speed values. As such, DFT or FFT might not be suitable 
for the data processing of the speed signal in our case. 
Spline interpolation, [27]–[30], is also a widely used algorithm for bridging the 
discrete signal with its continuous counterpart. In spline interpolation, the piece-wise 
polynomial functions are utilized to reconstruct the continuous curve according to the 
original data entries. For example, in cubic spline interpolation, the third order, i.e. the 
highest order is of x3, polynomial functions are used to estimate the values within two 
consequent interpolation breaks. Due to the definition of the cubic spline interpolation 
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[27], the entire interpolant is C2 continuous, which implies the smoothness of the 0th 
derivative, i.e. the function curve itself, as well as 1st derivative curve. The smoothness 
is a very important factor in many researches, such as speed measurement, because the 
motor speed in reality can never fluctuate abruptly. Neither does the acceleration. 
However, the interpolation only makes sense in the application where the signal itself 
contains no errors or the error level is negligible. Because the resultant interpolant will 
go through all the data sites provided, the error as well as the uncertainty of the 
measurement on every raw data entry will directly be reflected on the interpolant, 
which is solely determined by the data entries in the interpolation process. Moreover, 
in interpolation, every data site is treated as an interpolation break. With respect to a 
massive data entry, it might be of little efficiency to use polynomial functions within 
every little segment, if the global trend is our major interest. For instance, given the 
speed data sites of about 8,000 points, if the cubic spline interpolation is utilized for 
signal reconstruction, within every segment there are 4 coefficients for solving. 
Altogether, there are about 4×(8,000–1) coefficients for solving. This might be very 
time consuming. 
Moreover, according to the spline theory, usually for interpolation, with respect to 
different boundary conditions, there are two kinds of spline, natural spline and 
complete or clamped spline. In the natural spline, the boundary condition of the spline 
interpolation, i.e. the 1st derivative value on the edge, is assumed to be zero for the 
boundary condition is not always available. While in the clamped spline, these 
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boundary conditions are given for the consequent coefficients solving. Thus, 
conventionally, the clamped spline interpolation may yield more accurate result around 
the side edge because of the given boundary condition. 
In effect, since the original speed signal contains certain level of noise, the signal 
processing techniques used should be some approximation process instead of 
interpolation one. 
Starting from the next chapter, this new algorithm for removing the noise of aperiodic 
signals is introduced, after which the measurements of different quantities of the 
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3. Digital Fitter and Optimal Spline 
3.1. Speed Pattern 
In the speed measurement of the motor, no matter by means of sensorless manner or 
transducer method, usually, one large sequence of speed pulses together with its 
corresponding time sequence is available. Here, the word sequence implies that the 
speed is attained in a discretized manner, i.e. through pulses or ADC devices, rather 
than a continuous one. But these 
sequences can be depicted by connecting 
the data point linearly as is shown in Fig. 
3.1, which is a locally amplified figure of 
the original speed vs. time curve. 
However, from this figure, it can be seen 
that the speed attained is not smooth. 
Instead, it is dithering in a pattern like saw-teeth. 
Apparently, this speed curve contains errors as the motor certainly rotates smoothly in 
coasting. Besides, it cannot be utilized in the calculation of acceleration. Dithering will 
cause big oscillation in the first derivative of the speed, i.e. acceleration, if the 
computation of acceleration is obtained directly from the slope value among some 
adjacent speed data points. Fig. 3.2 shows this immense oscillation by illustrating 
direct-speed-slope-calculated acceleration. 
Fig. 3.1 Amplified Saw Teeth 
 Fluctuating Speed 
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Fig. 3.2 Direct Speed-Slope-Calculated Acceleration 
From the above figure, the acceleration points are so scattered and chaotic that it 
cannot be used in studies. However, there are some cases where the acceleration is an 
important variable for analysis and study. For instance, in the following inertia 
measurement, acceleration is a must for inertia calculation as will be shown in the 
equation (5.9). As such, we must filter out noise hidden in the signal and at the same 
time smooth the signal while keeping the behavior of the signal unchanged as a whole. 
Thus, a new algorithm, optimal spline, implemented as a digital fitter, is developed to 
fulfill the task. 
3.2. Fitter Analysis 
According to the pattern of the speed signal in reality together with the purpose of our 
test, the requirement and signal behavior of this fitter are analyzed which provides the 
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guidelines for the design of this algorithm. 
3.2.1. Fitter Requirements 
The first requirement of the fitted curve of speed is that it still retains the original 
macroscopical behavior of the original data. If the processed speed signal loses the 
original information, we cannot make use of it for further analysis. 
Secondly, it must be C2 continuous whose 0th derivative, i.e. function itself, as well as 
its 1st derivative is smooth in the whole data extent. The C2 continuity constraints 
ensure that the resulting curve is differentiable. In our case, this indicates that the 
acceleration can be derived from the speed curve. 
Thirdly, the results of both the function value and the 1st order derivative should be 
accurate. As, in our case, the speed and the acceleration is used in the inertia analysis, 
the errors of those results will influence the accuracy of the final analysis results. 
3.2.2. Speed Data Pattern 
In this thesis, this algorithm is mainly developed for the speed processing in the inertia 
measurement. But it can be applied to other data processing situation as well. 
In the case of inertia measurement, based on the suitable sampling rate, the quantity of 
speed data consists of approximate 8,000 plus data points in the freewheeling testing 
condition while about 5,000 plus in the braking condition, which will be discussed 
amply in section 5.3. The speed signal is aperiodic, i.e. it resembles much like the 
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exponential decaying function with properly chosen parameter. Hence, we must 
construct effective algorithm to filter out the noise and realize continuous as well as 
smooth curve for our further analysis. 
3.2.3. Cubic Spline Interpolation 
Cubic spline interpolation is a widely used algorithm for the data processing. It makes 
use of the third-order piecewise-polynomial functions to interpolate the data set and 
estimate the data behavior between two contiguous data point entries. In [27], it is 
defined as follows. 
Given a function f defined on [a, b] and a set of nodes a = x0 < x1< …<xn = b, a cubic 
spline interpolant S for f is a function that satisfies the following conditions: 
a. S(x) is a cubic polynomial, denoted Sj(x), on the subinterval [xj, xj+1] for each j = 0, 
1, … , n – 1; 
b. S(xj) = f(xj) for each j = 0, 1, … , n; 
c. Sj+1(xj+1) = Sj(xj+1) for each j = 0, 1, … , n – 2; 
d. S′j+1(xj+1) = S′j(xj+1) for each j = 0, 1, … , n – 2; 
e. S″j+1(xj+1) = S″j(xj+1) for each j = 0, 1, … , n – 2; 
f. One of the following sets of boundary conditions is satisfied: 
(i)  S′ (x0) = S′ (xn) = 0 (free or natural boundary); 
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(ii)  S′ (x0) = f′ (x0) and S′ (xn) = f′ (xn) (complete or clamped boundary). 
From the above definition, you can see that the cubic spline interpolation has the 
obligatory C2 continuous constraint inherently from its definition (c, d, e entries above). 
Moreover, it has relatively less complexity and more stability compared with the 
interpolants with higher orders. These are the advantages of the cubic spline 
interpolation. But it also has its limitations. 
Usually, given a cubic spline interpolant, within two consequent interpolation nodes, it 
can be expressed in either the first-type or the second-type form, which makes use of 
the 1st derivative values and 2nd derivative values respectively. The first-type 
expression can be written in the following form, 
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 (3.1) 
where, mj stands for the 1st derivative values on the node j and yj for the 0th derivative, 
i.e. function value f(xj), on that node. hj denotes for the length of this interval between 
two subsequent nodes, i.e. hj = xj – xj-1. 
From the aspect of interpolation, the function values themselves, i.e. yj, are known. 
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Thus, from equation (3.1), by determining the 1st derivative on every node leads to the 
determination of the entire interpolant. With the aforementioned cubic spline definition 
and requirement, e.g. C2 continuity, the 1st derivative values on every node must have 
the following relationship as is described by the following linear system. In the other 
words, by solving the following linear system provided with the data sets and the 
boundary conditions, the 1st derivative on every node is solely determined, which 
further results in the entire interpolant confessedly. 
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Here, the λ and µ are the quantities relating with the length between two adjacent nodes 
while the c is the quantity relating with the function value on the node as is in the 
following equation. Subscript n indicates the data entry point for interpolation. 
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In order to solve the simultaneous equations of (3.2), the boundary conditions, i.e. m0 
and mn is a must. Thereby, with proper given or supposed boundary condition, bringing 
in the function values that are already known from the data set into (3.2) and (3.3), the 
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1st derivatives on the nodes are solely determined. So is the entire interpolant. 
As for the second-type expression, only the expression is different in some places but 
the basic requirements, i.e. C2 continuity, are the same. Because in our case, the 1st 
derivative of our function value, i.e. speed, has its physical meaning, acceleration, the 
first-type cubic spline interpolation expression is preferred in the thesis. 
Sometimes, for simplicity, the natural boundary condition is assumed because usually 
the only feasible information is the data set for interpolation, i.e. function value and its 
coordinate but not the 1st derivative. With natural boundary condition, the equation 
(3.2) can be simplified for solving because m0 = mn = 0. Nevertheless in our case of 
speed signal processing, this simplicity cannot be utilized. The natural boundary 
condition will result in some serious errors around the edges of the resultant 
interpolant because of the apparent fact that the acceleration at the beginning and end 
points of the time entry can never be zero. Hence, only the clamped spline is discussed 
in the thesis. 
Regarding other issues of cubic spline interpolation, the uniqueness of the clamped 
cubic spline is expressed as follows. 
If f is defined at nodes a = x0 < x1< …<xn = b and differentiable at a and b, then f has 
a unique clamped spline interpolant S on the nodes x0, x1, … , xn ; that is, a spline 
interpolant that satisfies the boundary conditions S′ (a) = f′ (a) and S′ (b) = f′ (b). 
The uniqueness of the clamped spline is very important for the following deduction, 
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which ensures the unique value of the solution to the optimal spline in the subsequent 
chapters. 
3.2.4. Interpolation Limitations 
As is stated in the definition of cubic spline interpolation, it satisfies the filter 
requirements because of its ability to smooth the noisy data. However, the cubic spline 
interpolation cannot be used directly in our case. 
One important aspect of the interpolation should be emphasized that interpolation only 
makes sense when the data on the nodes are procured with desirably accuracy. 
Interpolation leaves the original data sites unchanged and gives the analytical form of 
the data points within two adjacent original data nodes which are formerly unknown 
before the interpolation process, and thus makes the original discrete signal 
continuous. 
Clearly, if we carry out the cubic spline interpolation along the whole speed data range, 
the original errors on the data is retained as well in the resultant interpolant presented 
by the cubic spline interpolation. As a matter of fact, because of the characteristic that 
the interpolated curve must go through all the data points where the process is 
implemented, the interpolation will only smooth the local saw-teeth. 
Moreover, for usual application related with speed signals, the data number of speed 
signal is quite big. For example, in our case of the inertia measurement the speed 
signal contains several thousands of data. If the cubic spline interpolation is carried out 
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along the whole data extent, every data entry is treated as the interpolation break due to 
the nature characteristics of spline interpolation. Taking cubic spline for example, 
within two adjacent data points, a cubic polynomial function with four unknown 
coefficients is used to estimate the data behavior within that gap. On the whole, along 
the entire data extent, there are about tens thousands of coefficients need to be solved 
in this case. With so many variables needed to be solved, it is unadvisable to use the 
cubic spline interpolation at every data site. 
Discontinuous as the speed signal is, we can find a pattern by observing the entire data 
span. The pattern can be used to impart information of the speed signal, from which 
the acceleration can also be deducted. Optimal spline, a newly developed fast 
algorithm is used here to solve the problem and meet the fitter requirements. 
3.3. Optimal Spline Algorithm 
Optimal Spline differs from the cubic spline interpolation in that it does not use the 
spline interpolation directly. Instead, because there is no need to estimate every litter 
small gap of the whole data entries, all the data sites are first divided into some 
segments. At every edge of these segments, defined as knot, with some optimal 
function value, the cubic spline interpolation is then carried out to concatenate the 
whole data sites interval while keeping the entire curve smooth. This is conceived so as 
to preserve the global trends of the signal while reducing the quantities to be solved 
and keeping the resultant signal smooth. Essentially, this Optimal Spline algorithm is 
an approximation process rather than interpolation one. 
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However, the problem here is “how can the optimal value at every knot point be 
determined?” Moreover, these knot values should reflect the global behavior of the 
entire data sequence, i.e. with the following cubic spline interpolation process we can 
get a so-called middle line representing the whole data serials residing within the raw 
data sites span. Accordingly, to preserve the original data changing trends, least square 
method is used to calculate the optimized function values on each knot, i.e. the 
segment edges, which will result in the minimum deviation error between the 
eventually interpolated function values and the forgoing originally speed data values. 
Thereafter, with the node value obtained, cubic spline interpolation within these 
segments will reconstruct the signal of angular velocity or revolution. Consequently, 
the first derivative of the speed signal can be deducted from the interpolated delegation. 
As a result, the speed signal changes from a discontinuous sequence into a continuous 
waveform in an analytical form, which is then suitable for the following calculation 
and analysis process as is applied in our inertia measurement process. 
3.3.1. Algorithm Development 
In the interpolation, original function value is treated as it is, i.e. as the correct and 
accurate value, while, in the approximation, original data sites are treated as 
error-containing. Since the speed is fluctuating and all the while contains noise as is 
shown in Fig. 3.1, only approximation can be established with reason in such a case. 
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3.3.1.1. Segmentation 
In the interpolation process, since every data site is treated as interpolation breaks, all 
the small segments between two adjacent data sites have to be evaluated, which might 
not be very efficient with a massive data entry if we are only interested in retaining the 
macroscopical trends on the whole. For this consideration, the raw sequence of data is 
first divided into some equally spaced N segments. Within every segment, there are 
some raw data sites. By doing this, the computational complexity of the cubic spline 
interpolation is relaxed, which is the main purpose of segmentation. However, the 
edges of the segments do not need to coincide with the point of the raw data sites as is 
shown in Fig. 3.3, which illustrates the presuming noisy exponential function, e-x. 
 
Fig. 3.3 Segmentation Illustration 
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At the selected knots, their values are calculated based on the behavior of the whole 
data sites. The inner knot is denoted as the segmentation edges excluding the leftmost 
and the rightmost knots, which will be treated separately because of the use of clamped 
cubic spline interpolation. 
3.3.1.2. Optimization and Spline Interpolation 
Here, given the data sets denoted by {xk, f(xk)}, suppose we knew the optimized 
function value on the artificially divided knots together with the 1st derivative value on 
the side knots, which is the boundary condition in the execution of the clamped spline 
interpolation process. These values are nothing but the deterministic quantities for the 
clamped spline interpolation. Then within each segment, i.e. x ∈ [xk-1, xk], the 
analytical form of the polynomial function to describe the original noisy data sites can 
be written in the following form. 
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 (3.4) 
In the above equation, the cubic polynomial function is defined within the knot 
segment denoted as [xk-1, xk], where subscript k, starting from 1 to N, stands for the 
segment sequence number. x is the corresponding data point within that segment, i.e. 
[ ]1,k kx x x−∈ . hk denotes for the segment length of [xk-1, xk], i.e. 1k k kh x x −= − . Finally, 
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mk stands for the 1st derivative value on the knot k while νk for the function value, i.e. 
0th derivative, on that knot. Here, the boundary condition for the clamped spline is m0 
and mN. 
As has been mentioned in section 3.2.3, the C2 continuity of the cubic spline 
interpolation can be met by solving the equation (3.2). Similarly, here, given the 
segment number N, the C2 continuity of the cubic spline interpolation can be depicted 
by the following first-derivative based matrix. 
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Here, the subscript N denotes for the segment edge, i.e. knot, number. The m again 
stands for the 1st derivative value on the knot, e.g. m1 stands for the 1st derivative value 
on the first knot. Because, given N segments, there are N+1 edges, it can be implied 
that the actual node number is just one more than the segment number, i.e. subscript of 
m and ν is from 0 to N. Besides, the λ and µ are the quantities relating with the 
segments’ length while the c is the quantity relating with the optimized knot values to 
be found and the segments length value. If the segments are evenly divided, the λ and µ 
are equal to 0.5, i.e. µk = λk = 0.5 for all subscript k. Analytically, ck can be written in 
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the following form. 
 1 1
1




ν ν ν νλ µ− +
+
− −= +  (3.6) 
Given the boundary condition m0 and mN, together with the function value on each 
knot, the 1st derivative on each knot can be solved according to matrix (3.5) and the 
whole interpolant across segments can be determined uniquely by the equation (3.4). 
As you can see, the key factor in the implementation of the cubic spline is the function 
value on the knots as well as the boundary condition, i.e. ν0 ~ νN, m0 and mN. 
Nevertheless, the problem here is how we can find out the optimized function value on 
knots together with boundary conditions on leftmost and rightmost side knots. 
Concerning the whole data sites, with the presumed availability of the resultant 
interpolant, the deviation error, i.e. the difference between the finally 
spline-interpolated values and the raw data site values, can be evaluated, 
conventionally written in the following L2 norm expression. 
 20 1 0
1
( , ,..., , , ) [ ( ) ]
N
N N k p p
k p
E v v v m m S x y
=
= −∑∑  (3.7) 
Since the interpolant as is discussed above is uniquely determined by the knots value 
and boundary condition if the segmentation is fixed, this L2 norm is also a function 
determined by the variable ν0 ~ νN, m0 and mN as you can see above in the parentheses 
following E. The Sk is the spline interpolant determined by equation (3.4), which is in 
essence a cubic polynomial function. The yp is the raw data site value from the original 
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noisy sequence. While the k is the iteration sequence number of artificially divided 
segment and the p stands for the iteration index of data sites within a segment, i.e. [xk-1, 
xk]. From the optimization point of view, this L2 norm error expression ought to be 
minimized. 
3.3.1.3. Linear System Solving 
Remarkably, from the matrix (3.5), we can spot a important fact that the 1st derivative 
on the knots have linear relationship with the optimized variables we want to find, i.e. 
ν0 ~ νN, m0 and mN. This can also be interpreted by the appearance of the linear system 
given by the matrix (3.5). As a result, the 1st derivative on the knots can be expressed 
in the following form. 
 0
0
, 1, , 1
N
k ki i k k N
i
m a b m c m k Nν
=
= + + = −∑ "  (3.8) 
Where aki, bk and ck are the coefficients to be determined. Concretely, bringing in (3.8) 
into (3.5), and by differentiating with respect to ν0 ~ νN, m0 and mN respectively, these 
coefficients can be solved easily, instead of solving the inverse of the square matrix of 
the linear system and doing matrix multiplication. 
Furthermore, from the interpolant given by (3.4), it can be found that the interpolant is 
also the linear representation of the function value and 1st derivative value on the knot 
provided with a specific data entry. As such, the interpolant within a specific segment 
can thus be linearly represented by our objectives to be solved, i.e. ν0 ~ νN, m0 and mN. 
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Similarly, this linear representation may be expressed in the following form. 
 ( ) ( ) ( ) ( )1 1 0 1
0
, , , , , ,
N
k ki k k i k k k k k k N
i
S x A x x x B x x x m C x x x mν− − −
=
= + +∑  (3.9) 
Again, we consider the optimal problem given by the equation (3.7). Generally 
speaking, so as to minimize this error, by reason of the functionality between the 
deviation error and our objective variables, the partial derivative towards the variable, 
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(3.10) stands for the optimization on the knots, i.e. the following interpolation breaks, 
while (3.11) for the boundary condition. Iterating the index j in (3.10) and (3.11), in all, 
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Within these equations, bringing in the original noisy data set, i.e. {x, y}, these 
equations are thus only linked with all the unknown values we want to solve. 
Collecting every quantities in those equations according to the variable we want to 
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solve, i.e. ν0 ~ νN, m0 and mN, we can form a unique and nonsingular linear system 
with these values unknown. 
 [ ]0 0 TN Nm mS Cυ υ =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦"  (3.13) 
Apparently, by solving the above linear system, the optimized data used for following 
clamped spline interpolation can be obtained. The next part is simply to use clamped 
spline interpolation obtained to concatenate the artificial segments and reconstruct the 
signal over the whole data extent with the interpolant. In detail, these optimized value, 
i.e. ν0 ~ νN, m0 and mN, is first brought into equation (3.5) for the purpose of solving 
the 1st derivatives on each knots. After that, the resultant interpolant is exclusively 
determined by equation (3.4) within any segment [xk-1, xk]. 
3.3.2. Algorithm Logic Diagram 
In summary, the above discussed algorithm can be depicted in the following diagram. 
Generally speaking, the whole process can be divided into two phases, build-up and 
employment as is shown below. 
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Fig. 3.4 Optimal Spline Algorithm Logic Diagram 
By finishing the entire process, the interpolant representing the original data entries 
can be deducted, after which any points within the whole data span are capable of 
being deducted through the interpolant. 
3.3.3. Algorithm Analytical Results 
The criteria to verify the usefulness of an algorithm is to use it and analyze the results. 
In other words, practice makes perfect. Hence, the algorithm is carried out in the 
simulation with some pattern known function, e.g. sinusoid and exponential, to see the 
fitting effects. Some routines based on the aforementioned algorithm are first written in 
Matlab® so as to analyze the simulation results. 
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3.3.3.1. Simulation on the Sinusoid Function 
Sinusoidal function is one of the most frequently used functions in the field of study, 
science, research and development. The function is set as follows. 
The data extent for analysis starts from 0 and ends at 10. The sine wave used for 
simulation is setup as having only one period within the data extent, i.e. the frequency 
of it is π /5, as is shown in the following figure. The amplitude of the sine is set to be 1, 
i.e. the signal changes from +1 to –1. As for the noise imposed on it, it is chosen to be 
Gauss random noise whose level is 5% of the amplitude of the sinusoid. This means 
the noise value undulates from +0.05 to –0.05. 
 
Fig. 3.5 Spline Optimized Sine Wave with 5% of Noise 
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In this algorithm, one parameter that can be tuned is the segment number. During the 
simulation, there are altogether 1,001 data sites with 10 segments divided. The figure 
above shows the simulation results with input noisy sinusoid waveform as is described 
above together with the original sine wave, i.e. the one without noise for comparison.  
As you can see in Fig. 3.5, despite the advent of noise, we, human being, can still 
distinguish the entire trends of the signal, i.e. a pattern of sinusoid signal is present. 
However, for computer, it is not that easy for recognizing a pattern. As far as this 
algorithm is concerned, from the macroscopical point of view, the resultant interpolant 
can be seen still retain the pattern of sinusoid waveform. Here, as you can find clearly 
in the amplified plot box displayed in Fig. 3.5, fluctuating as the noisy input signal is, 
the resultant interpolant can nicely track the original noise-free sinusoid waveform. 
The fluctuating noise has been removed and the resultant signal curve is smooth as 
well. 
With the resultant 0th derivative value of the noisy sinusoid waveform surveyed, the 
next step is the 1st derivative given by the interpolant determined by the optimized knot 
value and boundary conditions. For comparison, the 1st derivative deducted from the 
noise-free sine wave, which is a cosine waveform, is also drawn in the above figure 
together with the optimal spline results. 
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Fig. 3.6 1st Derivative Result of Optimal Spline (Sin) 
It can also be spotted that the 1st derivative derived from the optimal spline interpolant 
can still track the supposed original 1st derivative signal nicely. 
3.3.3.2. Simulation on Exponential Function 
Commonly, the exponential is another widely used function to describe the phenomena 
in nature. In our case, the trend of a decreasing exponential function is very similar to 
the speed curve pattern of a motor in the coasting period. Currently, in the simulation, 
if the algorithm can get good result while filtering out the noise, we can surely expect 
the good results on the real world speed signal in the measurement of inertia. Here 
follows the simulation setup and results. 
Chapter III 
- 47 - 
The chosen exponential function is e-0.1x with about 2% of random noise, which is 
shifted to have the extent from –0.02 to +0.02, imposed on it. Similarly, as is in the 
simulation of noisy sinusoid, the data entry selected is still from 0 to 10. The segment 
number chosen is also 10. Because the acyclic characteristic of the exponential 
function, the data points input to the algorithm is chosen to be 20,001, i.e. the data 
extent [0, 10] is finely divided. 
 
Fig. 3.7 Spline Optimized Exponential Curve with 2% Noise Level 
Again, for comparison, in the above figure, the original noise-free signal is also 
depicted in the same graph. It can be found that with the help of this algorithm, the 
major trends of the noise-free signal can be extracted accurately from the noisy data. 
As for the 1st derivative of the resultant interpolant, it is shown in the following figure, 
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together with the 1st derivative deducted from the noise-free signal. 
 
Fig. 3.8 1st Derivative Result of Optimal Spline (Exp) 
However, the graph above shows clearly the fact that the 1st derivative of the 
reconstructed exponential can somehow tail after the principle signal globally though 
there is some error and low frequency fluctuation in the above curve. The biggest error 
in the derivative is about 4% in the left side of the data extent. After all, the restored 
curve in the figure is trying to match the principle curve as a whole. 
With satisfactory results obtained in the simulation process, the optimal data fitter is 
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4. Torque Constant & Back-EMF Constant 
4.1. Introduction 
The torque constant is an important parameter of brushless DC (BLDC) motor, which 
can reflect whether the motor has been designed well or not. It is a quantity solely 
determined by the motor infrastructure and the placement between the coil and magnet. 
For spindle motor used in hard disk drive (HDD), this parameter is a constant, i.e. it 
cannot be affected by the motor speed and operating conditions. 
However, this quantity has different definitions in different situations as is discussed in 
[6]. Hence, for clarity, this quantity, within this thesis, is defined in chapter 2 as is 
shown analytically in (2.2). 
Like the torque constant, the Back-EMF constant is another basic parameter of a motor. 
In chapter 2, it is defined the amplitude (in Voltage) of the Back-EMF induced in the 
winding divided by the motor speed (in rpm). From the discussion in chapter 2, the 
torque constant defined in (2.1) is proportionate to the Back-EMF constant (2.2) as is 
expressed in (2.4). Hence, for conciseness, only the method for measuring the 
Back-EMF constant is introduced in the following sections. 
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4.2. Principle Description 
4.2.1. Driving Circuit 
As is defined above, the Back-EMF constant (in V/rpm), Ke, can be written in the 
following equation, where the eamp is the amplitude of the back electro-magnetic force 





=  (4.1) 
However, as long as the motor is running in the rated operation state the voltage from 
the inverter side is imposed onto the motor winding. See the following figure. 
 
Fig. 4.1 BLDC Mode Current Flow Demonstration 
Chapter IV 
- 52 - 
According to (4.1), if the Back-EMF amplitude and the angular velocity of the motor 
can be obtained accurately, it is not difficult to compute the Back-EMF constant Ke. 
However, in reality, these two quantities are not easy to attain. 
In the BLDC driven mode, where, at any time instant, only 2 phases operate in the 
driven state and the other is in the silent state. The electrical relationship in phase A 
can be written as follows, 
 aa a a a a
diV i R L e
dt
= ⋅ + +  (4.2) 
where, Va is the terminal voltage, ia is the driving current flowing in motor winding, Ra 
is phase A motor inner resistance, La is the inductance of phase A winding, and ea is the 
Back-EMF voltage in phase A. 
 
Fig. 4.2 Silent Phase Illustration from Terminal Voltage 
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From (4.2), it is apparent that to obtain the Back-EMF voltage from terminal voltage is 
difficult as the effect of the driving current. During the rated operation state, only the 
silent phase, the electrical degree of which is from –30° to 30°, can be utilized to detect 
the Back-EMF where the driving current is zero. Please refer to Fig. 4.2. The 
commutation obviously introduces some errors into this interval as can be spotted as 
the spikes in the figure. Hence, the rated operation state cannot be used to acquire the 
Back-EMF signal, let alone measure the Back-EMF constant. 
On the other hand, because the effect of the mechanical inertia, the motor cannot be 
stopped immediately right after the stop signal is triggered. As such, the motor will still 
be running without inverter driving by consuming the previously stored kinetic energy. 
If there is not any current injection for fast braking mechanism, i.e. i = 0, the terminal 
voltage relationship of equation (4.2) will be changed to, 
 ( ) ( )a aV t e t=  (4.3) 
The circuit is illustrated in the Fig. 4.3. This state of operation is hereinafter defined as 
the freewheeling state. In the freewheeling state, the inverter is isolated from the motor 
winding and the electro-magnetic energy together with the kinetic energy is dissipating 
as heat into ambience. The terminal voltage now is nothing but Back-EMF waveform. 
Thus, by analyzing the terminal voltage, the Back-EMF waveform is obatinable. 
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Fig. 4.3 Freewheeling Motor Circuit Connection 
4.2.2. Back-EMF Signal Waveform 
Fig. 4.4 depicts the Back-EMF voltage signal during the freewheeling, which is 
obtained by the All-In-One (AIO) system, a universal spindle motor testing program 
for HDD, written by myself. It is the basic infrastructure for the following test and 
measurement. 
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Fig. 4.4 Back-EMF Waveform Illustration 
The spindle motor used in the HDD has surface-mounted PM on its rotor. This kind of 
motor is easy to be designed with Back-EMF waveform very close to sinusoid. If we 
neglect the harmonic of the magnetic field and assume the uniformity of the magnetic 
density distribution, the induced Back-EMF signal can be considered as a sinusoid 
waveform just like the first impression of the Fig. 4.4. 
Owing to the effect of friction and other losses, the rotor is prone to be the stationary 
state as the final equilibrium point. As a result, the rotor is rotating more and more 
slowly. Thus, the rate, at which terminal windings are cutting the magnetic field 
generated by magnet inside the air gap of the spindle motor, is getting slower and 
slower and the Back-EMF induced decreases in the amplitude. Hence, the amplitude of 
the Back-EMF induced is decreasing as well while the period of the Back-EMF 
waveform is increasing. Because of the inertia, the amplitude decaying procedure is a 
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long time procedure, especially in the motors with plates installed and HDA level. See 
Fig. 4.4. 
 
Fig. 4.5 Fast Alternation of Back-EMF Waveform 
For some spindle motors used in small form factor HDDs, e.g. 1-inch drive or 
0.85-inch drive, in the freewheeling, because of the miniature inertia value of the rotor 
and its sensitivity to the friction inside the bearing, the descent of speed is so abruptly 
that it brings difficulties in tackling the speed value correctly. The above figure 
illustrates this fast alternation of the Back-EMF waveform that was captured from a 
1-inch drive. Hence, if the measurement of Ke measurement is rpm-dependent, like the 
equation (4.1), it cannot be utilized in the low profile motor of one or less-than-one 
inch disk drives. Moreover, the measurement accuracy and stability might not be 
satisfactory. 
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4.2.3. Ke Calculation Algorithm 
Intuitionally, from the basic definition of the Ke in (2.2) and (4.1), this quantity can be 
retrieved directly from the amplitude of the sampled Back-EMF waveform data. 
Whereas, in reality, the Back-EMF contains harmonics components and due to the 
quantization error and the limitation of the analogue-digital converter (ADC), the 
accuracy of the measurement of the amplitude of the Back-EMF might not be high or 
stable enough for precision manufacturing such as HDD industry. Moreover, for some 
spindle motor small in size, the speed is also changing and hard to tackle. From 







ΕΕΕ ≈ −  (4.4) 
where, the 
eK
Ε  stands for the error of Back-EMF constant calculation, Ee stands for 
the error of Back-EMF amplitude usually caused by the harmonic components and En 
denotes for the error in the rotational speed detecting. Apparently, the error of Ke is 
linear to the error of speed as well as voltage amplitude. Equation (4.1) can only be 
used as the definition and is not applicable in the real world. So as to getting accurate 
result of Ke, we should develop effective method to reduce the influence of En and Ee 
as is proposed below. 
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4.2.3.1. Proposed Algorithm 
The new algorithm is based on the integration of the Back-EMF voltage signal 
sampled. With the assumed sinusoidal purity of the Back-EMF signal waveform 
together with the fixedness of electrical velocity ω within half of the electrical cycle, in 
one phase, if we carry out the integration on the first half cycle of the Back-EMF 
signals with respect to time as shown in Fig. 4.4, we can get the integration equation 
(4.5). 
 


























As such, the Back-EMF constant can be given in the below equation. 






p pK e t dt e t dtπ πω ω= =∫ ∫  (4.6) 
Equation (4.6) shows that the integration of the Back-EMF signal within the half cycle 
can be used in the calculation of Ke. But what are the influences of errors on this 
calculation method? Here comes the discussion. 
4.2.3.2. Influence of Harmonics Component 
It is clear that in the real spindle motor, the Back-EMF signal certainly contains 
harmonic components, which will complicate the entire analysis. If we use (4.1) to 
calculate the Ke directly, the accuracy will not be satisfied as the error in the 
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measurement will be linearly proportional to the error at the signal peak point. Besides, 
the problem in the speed detecting will also introduce other errors into Ke calculation. 
However, as is in the proposed method, the integration can minimize the effect of 
harmonics. Taking the equation (2.2) as example, the phase A Back-EMF can be 
written in the following form, 
 ( ) ( ) ( )5 7cos cos 5 cos 7a ee K n h hθ θ θ⎡ ⎤= + + +⎣ ⎦"  (4.7) 
where, the θ is the electrical angle, which equals to the electrical angular velocity ω 
multiplied by time t. 
By integrating the above equation with respect to time spanning the half cycle, i.e. two 
adjacent zero crossing points (ZCP), the mth harmonic component integral can be 
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⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠= − +
⎛ ⎞= ∈⎜ ⎟⎝ ⎠
∫  (4.8) 
where, the ω is the electrical angular velocity and it has the following relationship with 




npπω =  (4.9) 
Here, the p stands for the number of pole pairs. Equation (4.8) shows clearly that if the 
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harmonic order is even, it will not affect the proposed Ke integration result. As for the 
odd harmonics, usually the 3rd order components do not exist in 3 phase motor. The 
other higher harmonic components, i.e. 5th and 7th, have very little effect due to the 
small value of h. Regarding the other aspects, general speaking, the number of the pole 
pairs is usually bigger than 3. As a beaten track, the ω is normally around several 
thousand rad/s in spindle motors used for HDDs. Thereby, the integration of high order 
harmonics of (4.8) does not have big effects and tends to zero as the order of 
harmonics increases. 
4.2.3.3. Speed Changing Trends 
During the freewheeling state, the speed is decreasing. It is because of this 
phenomenon that deters the correct measurement of the Back-EMF amplitude. 
However, from Fig. 4.5, although the Back-EMF waveform is changing abruptly, it can 
still be figured out that the area of the Back-EMF embracing the horizontal axis 
between two adjacent ZCPs is almost the same as is shown with two S marked shaded 
areas. Therefore, it is inferential that the integration may remove the fast speed 
alternating effect. Here comes the proof. 
First of all, we use the 0th and 1st order of Taylor’s series to express the speed variation 
as is expressed in the following equation. 
 ( )0 1 tω ω= −∆ ⋅  (4.10) 
where, the ω0 is the initial electrical speed value and the ∆ is a positive small quantity 
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indicating the speed decreasing rate. 
Considering the fundamental component of the Back-EMF waveform, with the speed 
decreasing, the Back-EMF can be expressed as follows. 
 
( ) ( )
( ) ( )0 0
30sin sin




KK n t t
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= −∆ ⋅ − ∆ ⋅⎡ ⎤⎣ ⎦
 (4.11) 
According to Taylor’s expansion, expand the sinusoidal part with respect to the speed 
decreasing rate ∆. We can get the following equation by neglecting higher order 
elements. 
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−∆ ⋅ ≈ − ∆ − ∆⎡ ⎤⎣ ⎦
+ ∆
 (4.12) 
In this case, the sinusoidal in (4.11) is a cycle-expanding sinusoid waveform. The ZCP 
of it is calculated as follows. 
 ( )0 1 ,   t t j j Zω π−∆ ⋅ = ∈  (4.13) 










ω ω π ω
ω
− − ∆ ⋅= ∈∆ ⋅  (4.14) 
If we only consider the first two ZCPs, i.e. j = 0, 1, the ZCP will be 0 and 
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∆ ⋅ . Taking it into account, linearize it around ∆→0 by using the 
Taylor series expansion. The ZCP point can be simplified as follows. 
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⋅∆ +− − ∆ ⋅= ≈∆ ⋅  (4.15) 
Then, carry out the integration of (4.11) with respect to time t, extending the half cycle 
and bring in the expansion (4.15) while neglecting the higher order elements and 
linearizing (4.12). For simplicity, the integration is calculated from 0 to the next ZCP t1, 
i.e. j = 0, 1 in (4.14). The following can be obtained. 
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 (4.16) 
In the case of spindle motor of HDDs, the initial speed can be a several thousand 






∆→0. As such, the triangular function can be simplified as, 
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 (4.19) 
As the value of ω0 is normally around several thousand, the value of 
0
π
ω  is a very 




ω  equals to 0.00104167. For ∆, as is shown in Fig. 4.4, its value is 
approximately around 0.1. Thus, equation (4.19) tends to be 60 eK
pπ , which is just the 
result of (4.5). The effect of the speed variation is much reduced when using (4.6) to 
calculate the Ke. 
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On the other hand, we can clearly find that so as to diminish the effect of speed 
variation, the test should be carried out under an initial speed as high as possible. 
Because under high rotational speed, the speed variation trends will be further reduced 
with the presence of a big ω0 as is shown in (4.19). As such, the Ke value will be more 
accurate. 
4.3. Practical Implementation 
When it comes to the implementation, the motor is first driven by AIO, a universal 
spindle motor tester developed, to its rated speed or some other value designated by 
the user with the help of a universal driven circuit and then stopped. It is required that 
the motor keeps rotating at the rated condition for a while to track the motor into a 
stable state. After that, the motor is triggered to stop. Simultaneously, during the very 
beginning of the transient freewheeling period, the Back-EMF is sampled into a 
computer through a PCI interfaced data acquisition card, e.g. NI® PCI-6070E, with a 
sampling rate higher enough to meet the accuracy requirement. Thereafter, integral is 
carried out in the program according to the above algorithm written in C++. It has been 
tested for many times that the Back-EMF constant calculated in such a way is very 
stable and accurate compared with the specification given by the manufacturer of the 
motor. 
Concerning the entire system setup, on the whole, it contains three parts: AIO tester 
(including the motor driver, the power module) for the hardware circuit construction, a 
Computer (including the data acquisition card) for data procuring as well as processing 
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and the motor for testing. The system connection is illustrated as follows. For the 
following measurement or testing in the coming chapters, the entire system setup is 
identical because all the tests are implemented in the sensorless manner, where only 
the terminal voltage and current are available. The only difference lies in the driving 
methods as well as the methods for data processing. 
 
Fig. 4.6 Measurement System Setup 
Nevertheless, there is one thing worth mentioning that the integral is done in the 
trapezoidal manner so as to improve the calculation accuracy. Determination of the 
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cycle length as well as the ZCP is solely from the discretized Back-EMF signal at the 
very beginning of the freewheeling state. Moreover, because there is a limit in the 
sampling rate, the linear interpolation is utilized to get higher resolution in the integral 
computation. Please refer to the ZCP consideration part of inertia testing in the 
following section of this thesis. 
Generally speaking, because of the ubiquitous difference existing across three phases, 
e.g. ununiformity of the magnets, the Back-EMF constant according to different phase 
may have different value compared to that of other phases. The strictly 3-phase 
symmetric machine does not exist. The measurement system, i.e. AIO, can output all 
the three Back-EMF constants and the average value of them according to the 
requirements from the HDD manufacturers. 
As has been pointed in chapter 2, the Ke and the KT are essentially the same. AIO 
system can also output the value of the KT as long as Ke has been calculated. 
4.4. Test Results 
As long as the integration value of the sampled Back-EMF signals at the beginning of 
the freewheeling state, the Back-EMF constant, Ke, can be deducted via the equation 
(4.5).  
The following table shows the test results of Back-EMF constant from a spindle motor 
used in HDD. The motor has 4 pole pairs, and is rated to rotate at 7,200 rpm. The test 
is carried out under different motor running speed and has been iterated for many 
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times.  
Table 4.1 The Test Results of the Back-EMF constant (No Disk 7,200rpm) 
Back-EMF constant (V/rpm) 
Iterating No. 


























Again, by installing the disk on the motor, the test is carried out with results shown in 
the table below. This time, the motor is again driven to its rated speed, i.e. 7,200 rpm. 
Table 4.2 The Test Results of the Back-EMF constant (With Disk 7,200rpm) 
Back-EMF constant (V/rpm) 
Iterating No. 


























However, this time the motor mounted with disk is driven to 5,000 rpm, and then 
stopped to freewheel. The result is as follows. 
Table 4.3 The Test Results of the Back-EMF constant (With Disk 5,000rpm) 
Back-EMF constant (V/rpm) 
Iterating No. 




























From the above tables, you can see the results are altering within a tolerable small 
range, which again proves the stability of this algorithm. By comparing Table 4.1 and 
Table 4.2, an important fact can be shown that the Back-EMF constant has only 
relationship with the motor design, such as the magnet and coil placement, and it is not 
determined by the load condition. By comparing Table 4.2 and Table 4.3, the results of 
the Back-EMF constant show clearly that this quantity is rpm-independent. Clearly, the 
test results manifest the usability of this Back-EMF constant measurement method. 
As we can get the Back-EMF constant of the motor accurately, we can also calculate 
the torque constant, KT in the same precision level from equation (2.4). The following 
table shows the result of KT corresponding to Table 4.1. 
Table 4.4 The Test Results of the Torque constant (No Disk 7,200rpm) 
Torque constant (N⋅m/A) Iterating No. 
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5. Inertia Measurement 
5.1. Introduction 
Moment of Inertia (MOI) is an important and basic quantity to be known in the 
analysis of motor performance. Usually, this is reflected as the load inertia, and might 
change according to different load conditions. However, in an HDD, the spindle motor 
is used to drive disks installed on the rotor, where the load inertia is fixed. The inertia 
here in this case is referred as the system inertia, which is intuitionally thought as the 
rotor inertia of the motor plus the plate inertia with respect to the rotational center. The 
correct measurement of this quantity is helpful, in the point of view of motor control, 
might, to improve the motor behavior, such as the starting time of the motor. Moreover, 
the measurement with high accuracy might reflect the eccentricity of the disk 
mounting. 
Nevertheless in HDD industry, because of the compactness of the spindle motor, the 
conventional methods cannot be used as is discussed in the second chapter. Thereby, 
the new method utilizing only the voltage and current signal of the motor windings 
here is introduced. This new method of measurement takes advantage of the nature 
behavior of the BLDC motor to get the speed signal while the motor is coasting, i.e. in 
the freewheeling state. The Optimal Spline is then used to filter out the noise in the 
calculated angular velocity signal. Uncertain friction torque is cancelled out by driving 
the motor twice and passing the same speed. Finally, the inertia is calculated via these 
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preprocessed values. 
5.2. Measurement Algorithm Development 
5.2.1. Basic Calculation Equations 
Solely analyzing the motor from the electrical quantities, at the first place, we consider 
the Newton’s law of motion. When the motor is in the status of free rotating, i.e. no 
current is injected into the motor winding, the kinetic energy of the rotor is consumed 
by the friction and other losses, finally dissipating into the circumstance. From the 
Newton’s law in rotation, we can derive the equation while the motor is freewheeling. 
 ( ) ( )10 loss d tT J dt
ωω= +  (5.1) 
Because there is no electro-magnetic torque to drive the motor and no current is 
flowing in the motor winding at freewheeling, the left side of the equation is zero. On 
the right side, the ( )lossT ω , which has a non-linear relationship with the motor angular 
velocity, is the friction torque Tf together with Tcore caused by the core loss.  
 ( )loss f coreT T Tω = +  (5.2) 
It is clear that Tf is independent of the motor current, while Tcore is caused by the eddy 
current loss and hysteresis loss of the motor. For the spindle motor used in HDDs, 
where the magnet is surface-mounted and NdFeB permanent magnet is used, the air 
gap magnetic field is almost independent of the motor drive current. Therefore, we can 
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consider that Tloss is only related with motor speed and environmental conditions, but 
independent of the motor driving current. 
As you can see, because of the advent of ( )lossT ω  and the unavailability to measure it, 
the inertia cannot be accurately measured from the above equation. 
On the whole, by experience, the friction torque is an rpm-dependent quantity, i.e. 
varying with the motor speed. At a specific speed, under the same circumstance, the 
torque should be identical. As such, we can cancel it out with double iteration. Given 
only one equation and two unknown values in (5.1), i.e. inertia and frictional torque, 
the inertia value cannot be solved. 
In order to form nonsingular equations to solve, the condition, i.e. electrical condition, 
the only condition that we can change, should be different during the twice iteration. 
Moreover, during the double iteration, they should contain the same speed range in 
order to carry out the frictional torque cancellation. As such, I first drive the motor to 
its rated speed and let it freewheel. After the motor has stopped to the stillness state, 
the motor is driven again to the rated speed and when stopped, a 3-phase braking 
resistor is imposed to the motor terminals respectively. By forming a circuit connection, 
this will cause current to flow inside the motor winding and produce braking torque, 
which results in the fast stopping of the motor. In like manner, the equation of motion 
can be written as follows. The left side of the following equation stands for the torque 
because of the current flowing in the motor winding. 
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 ( ) ( )2em loss d tT T J dt
ωω− = +  (5.3) 
It is apparent that by subtracting (5.1) with (5.3), the unknown part ( )lossT ω  can be 
easily canceled out under the same environment condition as well as the speed point, 





ω ωω ω = =Ω
= −  (5.4) 
Here, ω1′ and ω2′ stands for the first derivative, in essence the acceleration, of the 
mechanical angular velocity with respect to time. 
However, new question arises: How can we get the value of the braking torque, i.e. Tem? 
Due to the compactness characteristic of the HDD spindle motor, no dynamometer can 
be installed on the motor. As such, this torque should be also reflected from the 
electrical quantities. Since we purposefully imposed a braking circuit onto the motor 
terminal winding during the second coasting period, the analysis of the braking circuit 
can bridge the braking torque to the electrical quantities. 
5.2.2. Braking Circuit 
So far as the braking circuit is concerned, the braking circuit is nothing but a star (Y) 
connected 3-phase resistor circuit, which is 3-phase symmetric, depicted in Fig. 5.1. As 
long as the motor is triggered to stop, in no time, the terminals of the braking circuit 
are connected to the 3-phase motor terminal windings respectively. 
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Fig. 5.1 Braking Circuit Illustration 
As for the power viewpoint of the motor side, the power of Back-EMF is just the 
power output of the electro-magnetic torque. The following equation holds. 
 
2






= = =Ω Ω Ω
∑ ∑
 (5.5) 
In the above equation, the j is the iteration index for the jth phase; ℜ  is the sum 
resistance of the motor winding. Here the inductance effect of the motor winding is 
neglected due to the small shape of the spindle motor used in HDD. The schematic 
circuit of Fig. 5.2 is shown below for further analysis of the quantities of interest. From 
this figure, the relationship between the motor Back-EMF and the motor terminal 
voltage can be easily clarified. 
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Fig. 5.2 Schematic Braking Circuit 
Within every phase of the motor winding, by analyzing the circuit power flow, we can 
write the equation of the power conservation on the resistors for one phase. The R is 
the braking resistor connected by design whilst the r is the motor winding inner 
resistance for one phase. 
 ( ) 22 1em U rp e i i R r R R
⎛ ⎞= ⋅ = + = +⎜ ⎟⎝ ⎠  (5.6) 
In the braking state, the current in the motor windings cannot interfere with Tloss as has 
been mentioned in section 5.2.1. Therefore, (5.5) and (5.6) can be taken into (5.4). The 
inertia value can be obtained from the electrical quantities such as terminal voltage of 
every phase and the speed value. 
5.2.3. Further Analysis 
Usually, in the numerical analysis or practical implementation, we should try our best 
to use as much information that is attainable as possible because generally the more 
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information we use to describe an object the better and more stable the result will be. 
In the aforementioned calculation procedure, only one speed point is utilized in both of 
the equation (5.1) and (5.3), which implies only one time instant is used in the 
calculation. Whereas, usually in the experiment, the entire coasting period could last 
for about 5 seconds if the inertia of the rotational part is big, i.e. the plate is installed 
on the spindle motor. Nowadays, with the standard technology it is feasible to do data 
acquisition at a rate about several kilo samples per second. This implies that altogether 
there are about several thousand points of speed available. Apparently, if we only make 
use of one speed point, i.e. time instant for calculation, the process is not efficient 
compared to the so many data points procured. Therefore, the above equation (5.4) for 
the inertia is re-deducted for the use of a specific speed range, i.e. a segment of time, 
rather than the original one point. By utilizing a range of speed, the integration is 
finally conducted for calculation due to its relatively high stability and easy calculation 
implementation with the help of a computer. 
Let us revisit the equation (5.1) and (5.3). From these 2 equations, in another point of 





1 2 1 2
' '
' ' ( ' ')
em em
loss
T pT ω ω
ω ω
ω ω ω ω= =Ω = =− Ω −  (5.7) 
where, Ω is the specified point for frictional torque cancellation and ω1′ and ω2′ stands 
for the first derivative of the mechanical angular velocity with respect to time while 
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pem is the EM power of the Back-EMF as is shown in (5.6). 
Selecting a suitable range of speed, i.e. [ω0,ωt], which is within the common speed 
intersection of the freewheeling and braking freewheeling duration, and iterating the 
speed value according to this interval, a set of Tloss value corresponding to the speed 
value can be obtained. In other words, a curve of Tloss vs. Ω, where [ ]0 , tω ωΩ∈ , can 
be obtained. 
Moreover, because of the motor is in the degressive deceleration during each coasting 
state, no matter current is flowing in the terminal windings or not, i.e. in the 
freewheeling state or braking freewheeling state, the relationship between the time and 
speed Ω is monotonic. This is quite a common sense in the reality. As for the global 
behavior, the time is strictly increasing while the motor speed is strictly decreasing. 
Hence, a speed range, in effect, delegates a time range. 
In equation (5.1), move the Tloss to the left side, and integrate the both side with respect 
to time for a time interval corresponding to the aforementioned speed range, we can 
rewrite this equation in the following form. 
 







d t dtJ J T d
dt d
ω ω ω ω ω ω− = − − = ⋅ ⋅∫ ∫  (5.8) 
By treating the integral at the right side as is shown in (5.8), the integral of Tloss with 
respect to time can be transformed into its integral with respect to speed. Bringing in 
equation (5.7) to replace torque with power, which can be further interpreted by the 
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terminal voltage sampled, the inertia can thus be written in another form, which makes 
use of a range of data instead of only one point. 
 
















ω ωω ω ω ω ω ω ω ω ω




Here, in the above equation, ω0 is the speed integration upper bound while ωt for the 
lower bound of integration. Within the coasting period of the motor, speed, terminal 
voltage and acceleration are changing with time passing. Due to the monotonic 
relationship between time and speed, which will be discussed later in detail, the power 
vs. speed curve and the acceleration vs. speed curve can be depicted by observing the 
corresponding speed points in the speed vs. time curve. 
5.2.4. Quantities to be Measured 
In conclusion, the quantities of interest for the calculation of inertia should be the 
sampled motor terminal voltage of 3-phase as well as the motor speed, which can also 
be deduced from the terminal voltage as discussed in details subsequently. Moreover, 
so as to obtain the speed changing trends, the sample index or sampling time is 
supposed to be recorded as well. However, because of the nature of the sensorless 
measurement, the fundamental quantity available here is the sampled terminal voltage, 
based on which, the other quantities, such as speed, acceleration and power or torque 
should be deducted. 
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5.3. Sensorless Speed Signal Measurement 
Speed as is discussed above is a critical variable in the proposed method for measuring 
the inertia. During the coasting, in HDD used spindle motor, the speed should be 
sensorlessly measured rather than by means of a tachometer or encoder. Here, the only 
available electrical quantity is the Back-EMF signal induced in the motor winding 
present at the motor terminal. Thus, the speed can only be extracted through it. Here 
comes the algorithm. 
5.3.1. Reconstruction of Speed via Back-EMF Cycle Length 
As is known to all, the Back-EMF is induced by the relative displacement of the 
magnetic field and the motor winding. In the state of coasting, the motor is acting as a 
3-phase generator. 
With the discussion in chapter 4, during the coasting period, the Back-EMF waveform 
has its amplitude decaying while its period expanding. Accordingly, the frequency that 
the magnetic field cuts through the motor winding falls down, which leads to the 
augmentation of the electrical cycle of the Back-EMF signal. From the discussion in 
chapter 4, the Back-EMF of HDD used spindle motor can be written in the following 
form, which clarifies this phenomenon analytically. 
 ( )30 sineKe t
p
ω ωπ=  (5.10) 
Here, p is the number of pole pairs, ω is the electrical angular velocity, Ke is the 
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Back-EMF constant and t is the time. If the ω decreases, the period of the sinusoidal 
part in (5.10) is definitely going to increase. 
You can also refer to the Fig. 5.3 for a better understanding of this phenomenon. In 
some micro spindle motors without plates, this trend is even more obvious as is shown 
in Fig. 4.5. 
 
Fig. 5.3 Electrical Cycle Length Changing Illustration 
From equation (5.10), it is clear that the cycle of the Back-EMF during coasting carries 
the speed information of the motor. As for the sensorless speed measurement, during 
coasting period, simply by sampling the terminal voltage of the motor winding, we can 
get 3 Back-EMF voltage waveforms corresponding to each phase respectively. Within 
every electrical cycle, which counts for one-pth of the whole mechanical turn (p is the 
pole-pair number of the motor), there are two ZCPs. On the assumption that the speed 
is stable during that entire electrical cycle, i.e. the speed value remains a constant 
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within one electrical cycle, for simplification, the cycle interval length, i.e. in points, is 
calculated according to the ZCP sample index procured from the data acquisition card 





CycleLength ZCP ZCP p
× ×= = − ×  (5.11) 
where, p stands for the pole pair number of the motor which is given by the motor 
specification. However, the CycleLength here can be a double precision value because 
of the linear interpolation of ZCP discussed later. By analyzing the cycle of Back-EMF 
voltage signal, the speed values can be extracted cycle-wise. The calculation is carried 
forward every half-cycle as is illustrated in the following figure. 
 
Fig. 5.4 Illustration of How Speed Calculation is forwarded 
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5.3.2. Corresponding Time Value 
Right now, the speed values merely give us the information only about the speed. In 
the inertia measurement, the speed must be obtained with respect to time so as to 
analyze the speed changing trend. According to the speed calculation method present 
here, the time value corresponding to the speed value is determined by the middle 
point of that cycle as is shown below. 
 
Fig. 5.5 3-phase Back-EMF and time decision schema 
In this manner, the differential calculation of the speed will yield the minimal error. So, 
by finishing studying each phase Back-EMF waveform, we will get 3 sequences of 
speed-time signals corresponding to the 3-phase respectively. As for the following 
analysis and the speed processing, the 3-phase speed-time should be synthesized into 
one larger sequence, which contains about 3 times points as the one-phase signal, with 
respect to the terminal-connection-determined 3-phase order. See the following section 
One Cycle
Mid Point Represent Whole Cycle 
A B C
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for detail discussion. 
5.3.3. Speed Synthesis 
In all, we can get 3 sequences of speed as well as 3 correspondent sequences of time 
relating with every phase. However, from the motor point of view, there is only one 
speed signal at any time instant. Apparently, for later analysis of motor speed and 
inertia, the 3-phase speed signals should be merged into one speed sequence. So should 
the time sequence. 
As a matter of fact, the sample index of every Back-EMF signal pulse represents the 
time instant of that point. Smaller number of sampling index means less time has 
passed since the beginning of the sampling process. Nevertheless, after the phase 
shifting process as will be discussed in section 5.3.4.1, the artificially presumed first 
phase, which will always have the smallest ZCP index, is marked. As for the other 2 
phases, their first ZCP indices captured will have value bigger than that of the 
presumed first phase. Thus, by comparing the index of the first ZCP within other two 
phases, the phase sequence can be determined and the gateway to merge the speed 
sequences can be found. 
5.3.4. Consideration for Sensorless Speed Measurement 
For the speed measurement in real practice, there are many other issues that have to be 
taken into consideration. Starting from the phase shift, this section lists all the 
situations that need to be taken into account in the experimental setup in practice. 
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5.3.4.1. Phase shift 
From the aspect of spindle motor drive hardware, the motor cannot be stopped exactly 
every time at the same state, i.e. the initial value of the Back-EMF in the motor 
winding keeps the same, due to the hardware limits, such as sampling frequency and 
the electronic devices responding time. Therefore, the Back-EMF may have some 
different offsets at the beginning of the coasting period every time we carry out the test. 
For the sake of same state required by the MOI measurement, the Back-EMF of every 
phase is shifted an offset usually smaller than the length of the whole electrical cycle 
length according to the first ZCP of the some predetermined phase, e.g. phase A. 
Besides, this process has the effect of artificially designating the first phase of the 
motor. 
 
Fig. 5.6 Phase Shift Illustration 
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For illustration, so as to remove the offset artificially, the y axis should be shifted from 
the original position to the new position as is shown in Fig. 5.6. As a result of this 
process, the Back-EMF signal for further analysis will always have phase A as the first 
phase which will have the first ZCP captured. This information may be used for the 
synthesis of the speed signal later. 
5.3.4.2. Linear Interpolation of Zero Crossing Point (ZCP) 
Zero Crossing Points (ZCP) are very crucial in the analysis of Back-EMF signals 
because they directly carry the speed information. However, when saying about signal 
processing in computer, the signal we get can never be continuous. Rather, it is a 
sequence of voltage pulses with certain scale that we can attain inside a computer 
through its acquisition interface, such as NI® DAQ card. Thereby, when observing the 
ZCPs in a computer, we may not see the real ZCP due to the sampling process. What 
we can see is two sequential discrete data sites with very small absolute value and they 
are of the different signs. By using either the first ZCP or the next index, i.e. ZCP + 1, 
directly to compute the cycle length, which leads to the integer value of cycle length in 
points, some error will surely be introduced into the calculation, which we are 
supposed to prevent. Howbeit, the changing of signs of those aforementioned points 
indicates that the waveform of Back-EMF has changed from a negative value to a 
positive value, and vice versa, which implies that the real ZCP is within these two 
adjacent points. As such, in order to keep the accuracy without making processes 
intricate, linear interpolation is utilized to estimate the real ZCP around discretely 
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found ZCP points.  
With the effect of this process, the ZCP index can now be expressed in double 
procession rather than integer reflected by the double precision CycleLength in (5.11), 
which ought to improve the entire calculation procession of the measurement. 
Regarding the real Back-EMF voltage signal sampled, the following figure 
demonstrates this process clearly. 
 
Fig. 5.7 Illustration of Linear ZCP Interpolation of the Real Signal 
However, because of the quantization error, it may so happen that the sampled ZCP 
value is just 0.0 reflected in the computer double data type. In such a case, simply this 
ZCP point is used for the calculation of cycle length. 
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5.3.4.3. Globally use of data sites 
As was stated above, in every electrical cycle, there are two ZCPs of the Back-EMF 
signal. However, the speed can also be calculated if it is based on the assumption that 
the speed is stable during the half cycle or even quarter cycle. But, which one is better? 
Concerning the practical realization, I have tried both methods. Further, so as to get 
more speed points to analyze and at the same time make the assumption for the speed 
stability with a shorter period of time, I tried to get speed calculated from the half and 
quarter of the electrical cycle length. However, the computed speed results turn out 
that to calculate speed from the cycle length by means of two corresponding ZCPs in 
two consequent cycles, i.e. using the whole ZCP directly not the half or quarter then 
multiplying, yields the minimal error containing in the resultant speed serials as is 
compared in the following figures, where the error is reflected by the extent of the 
undulance. 
 
 (a) Quarter Cycle Based Calculated Speed (b) Half Cycle Based Calculated Speed 
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(c) Whole Cycle Based Calculated Speed 
Fig. 5.8 Calculated Speed Result Comparison 
 Between Three Different Calculation Methods 
Clearly enough as is shown in the figures, you can see the resultant speed signal from 
the quarter based method oscillates the most acutely compared with the other two 
methods. However, the method utilizing the two ZCPs for one cycle length calculation 
results in the lowest error level. Despite the fact that the global trends of all the 3 
signals can be somehow figured, i.e. decelerating, it is often preferred to use the signal 
with least errors for analysis and calculation if there is choice. 
In my point of view, it is the global effect that cancels out the random noise emerging 
across the whole cycle. Usually, the random noises may cancel themselves during one 
cycle. Moreover, it is hard to tackle the peak value from the sampled Back-EMF signal 
owing to the discretization together with the low variation rate around the peak points. 
Now that the voltage signal changes slowest around the peak value, i.e. voltage 
waveform has slope value approaching zero at the peak points, the sampling index of 
which counts for the quarter interval, together with ZCP sampling index, you cannot 
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determine precisely at which time instant the voltage reaches the maximum value and 
begins to descend. 
General Speaking, the more data we get to reflect a phenomenon, the entire effect will 
be better. Thereafter, the calculation window is shifted every ZCP instead of the whole 
cycle, i.e. two ZCPs, so as to fully utilize the data extent, to compute sufficient speed 
data points from the original Back-EMF waveform. As a result, in the implementation, 
the calculation is carried out within every electrical cycle of the sampled Back-EMF 
waveform and is forwarded every half cycle of the current period length. 
5.3.4.4. Error of the Speed Signal 
Strictly speaking, in principle, the sensorless speed calculated from the difference of 
two adjacent of ZCP indices in (5.11) is inevitably erroneous. For instance, firstly, the 
ZCP itself may not be accurate as is obtained via linear interpolation. Secondly, if the 
speed is changing, the two half cycles within one electrical period of the Back-EMF 
signal will not be symmetric. The half-cycle speed calculation forwarding manner is 
contradictory with the assumption of invariance of the speed during that entire 
electrical cycle. Thirdly, the differential equation for speed measurement contains 
errors of O(h3) as is discussed in [27]. At last, due to the electro magnetic compatibility 
(EMC), quantization error, DC offset advent in the sampling circuit and electrical 
device response time, the data acquisition also introduces errors in the final result of 
the speed signal. 
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In summary, the speed signal contains error and must be processed with the help of 
optimal spline data fitter in the real implementation. 
5.4. Inertia Calculation 
With the discussion above, let us move on to the detail implementation of the MOI 
measurement. For the purpose of friction cancellation, the motor should be driven 
twice to its rated speed or some speed high enough and then be stopped freely. Let us 
begin with the system setup. 
5.4.1. System Setup 
The system mainly consists of the driving subsystem, power module, data acquisition 
circuit and a computer for data processing and analysis. The entire system diagram is 
shown in Fig. 4.6. Since the sensorless method is utilized, regarding the testing object, 
i.e. the spindle motor in this case, the connection is simple, i.e. just 3 terminal wires 
from the motor side are required. 
As for the driving circuit, it is based on the AIO system, a universal spindle motor 
tester for HDD developed by us. From the hardware point of view,  AIO consists of 
the power module, an ADSP2100 family (ADMC401) DSP control chip 
communicating through the COM port with a computer, and the signal conditioning 
circuit together with the sampling connection wire to a PCI interface data acquisition 
card (NI® DAQ PCI-6070E) plugged in a computer.  
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From our algorithm, the 3-phase braking circuit is a must in the hardware circuit. In 
the first time, the motor is stopped without the braking resistors, while the other time 
with braking resistors imposed on 3-phase terminals respectively. 
In the freewheeling state, the kinetic energy is dissipated only through the friction and 
core loss. On the other hand, in the braking state, acting as a generator, the motor feeds 
some of its kinetic energy back to terminal resistors that is controlled to be connected 
with the motor terminals at the same time as the stop signal is triggered. In both of the 
coasting cases, the 3-phase terminal voltages are captured via the NI DAQ® 
PCI-6070E with full capacity, i.e. at 1.2MS/s on the whole while 400KS/s for each 
channel. And the DAQ card is set to have input range from -10V to +10V. 
Given the Back-EMF voltage waveform, the speed value is first calculated phase-wise 
and then merged into one representing the entire motor in both the freewheeling state 
and the braking freewheeling state. 
With the help of the optimal spline technology developed, the discretized speed 
sequence can be transformed into the continuous speed signal, after which the 
acceleration is also feasible. Finally, given the calculated power value and integrating 
according to the equation (5.9), inertia can thus be calculated. 
5.4.2. Calculation Procedure 
The following chart demonstrates the overall inertia calculation procedure. 
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Fig. 5.9 Inertia Calculation Flow Chart 
Based on the above flow chart, the detail of every process is discussed in the coming 
sections. 
5.4.3. Speed Reconstruction 
As is described above, in the freewheeling, the Back-EMF voltage frequency can 
reflect the motor speed directly. While in the braking state, the motor is connected with 
3-phase braking resistors as depicted in Fig. 5.1. The resistors are chosen with minor 
thermal effects, usually wrapped with a heat sink, and the relays, acting as the major 
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control switch with the purpose for isolating or connecting the braking circuit with the 
motor terminals, are triggered simultaneously by a TTL signal given by the DAQ card 
and driven by +12V DC. Due to the shortness of the wires, if we neglect the wire 
inductance, in such a pure resistor circuits, the frequency of the motor terminal voltage 
is identical as that of the 3 phase Back-EMF induced in motor terminal winding. You 
can refer to the schematic braking circuit as is illustrated in Fig. 5.2. 
Again, simply by observing the terminal voltage frequency with respect to every phase, 
a speed sequence can be generated with its corresponding time instant. Consequently, 
during the braking freewheeling, 3 series of speed signals can be obtained and they are 
merged into one in the end for further processing and analysis. 








































Fig. 5.10 Detailed Speed Reconstruction Diagram 
Given the synthesized speed signal, the following steps is the processing done by the 
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optimal spline data fitter. 
5.4.4. Application of the Optimal Spline Data Fitter 
With the simulation results of optimal spline data fitter in chapter 3, the optimal spline 
data fitter is imposed on the 3-phase merged speed signal for noise filtering and 
acceleration deduction. 
5.4.4.1. Optimal-Spline-Processed Speed Interpolant 
The below figure, which is locally amplified for clarification, shows the detailed 
optimal-spline-processed speed interpolant in the freewheeling. The result in the 
braking freewheeling is somewhat alike. 
 
Fig. 5.11 Amplified Graph of Optimal Spline Processed Speed Signal 
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As you can see the raw data is smoothed by the digital fitter. Moreover, the 
reconstructed speed curve stays in the middle of the raw data curve, which reflects the 
major trends of the raw data macroscopically. Intuitionally, the reconstructed speed is 
smooth enough for the following process and analysis. Essentially, because of the C2 
continuity constraints, the acceleration value is by all means smooth and suitable for 
data analysis. As a result, any value between two discrete data points can be evaluated. 
In conclusion, after the speed synthesis process and optimal spline process, the 
interpolated speed curves during both freewheeling and braking freewheeling are 
illustrated in the following figure with comparison between the original fluctuating 
speed curves. 
 
Fig. 5.12 Reconstructed Speed Signal during Freewheeling and Braking Freewheeling 
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As for the algorithm setup, the inner node chosen for the freewheeling is 10, while 7 
for the braking freewheeling. As you can see in the figure, the triangular fluctuating 
discontinuous speed pulses have now been smoothed by the newly developed 
algorithm. The optimized curve, blue in the figure, stays just within the middle of the 
original oscillating signals, which means the global behavior of the raw data is 
preserved by the optimal process. 
5.4.4.2. Optimal-Spline-Processed Acceleration 
To make differentiating feasible is a major purpose of interpolation. On the ground that 
at present the entire signal is represented by piece-wise polynomial functions, the 1st 
derivative can now be calculated based on these analytical functions. 
Simply by differentiating the polynomial given by the interpolant along the whole data 
extent, the 1st derivative is given as is shown in the following figures. 
 
 (a) Acceleration VS. Speed (b) Acceleration VS. Time 
Fig. 5.13 Acceleration Curve from the Resultant Interpolant 
Here, the acceleration is deducted coordinating with the time as well as speed because 
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of the speed time mapping process as will be discussed later for the purpose of inertia 
integration kernel calculation. 
5.4.5. Power on the Resistors 
Due to the nature of the transducerless method, the torque is estimated indirectly by 
means of the power. As for the power, i.e. the multiplication between e and i, used in 
the inertia calculation equation (5.9), it can be reflected by other quantities. Here, the 
only quantities available are the captured Back-EMF voltage signal together with the 
braking resistors. Besides, the motor terminal resistance can also be measured. The 
power is obtained indirectly from these values.  
So as to obtain the power value, the current value is essential, whose measurement is 
usually accomplished by means of some expensive current sensors. The uncertainty of 
the current measurement is high and there are many factors affecting the measuring 
result. Compared to the current measurement, the voltage measurement, which can be 
easily realized, can have relatively higher resolution. Moreover, the motor inner 
resistance can be correctly measured by the Wheatstone bridge. Because the motor is 
only driven to have some kinetic energy and then let freewheeling, the normal 
operation state can not last long. The effect of the motor heating on the motor’s 
resistance can be neglected. 
As such, the correct measurement of terminal voltage and resistor implies the correct 
measurement of current flowing through the braking resistors. In other words, current 
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value is indirectly calculated from voltage and resistor values instead of direct 
measurement. Hence, according to the schematic braking circuit Fig. 5.2, the power of 
the induced Back-EMF acting as a voltage source can be computed via the related 
quantities. 
The power used in integration equation stands for the instant power dissipated by the 
relative displacement between the motor winding and magnets. This power is 
decreasing because the motor winding is cutting magnets more and more slowly during 
the coasting period, which can be thought of a voltage source that is losing power and 
having it voltage amplitude decreasing.  
According to the electrical relationship in the schematic braking circuit Fig. 5.2, this 
power can be obtained from the instantaneous power on the braking resistors, which is 
calculated from the terminal voltage sampled, if the inductance along the circuit is 
negligible. On the whole, the sequence of power values with respect to time is 
generated. It is important to point out that we should know the power of the Back-EMF 
voltage source under specific speed for the equation (5.9) calculation. However, this is 
realized by the speed-time mapping in the following section. 
In real application, due to the power needed is the instantaneous power, I once tried to 
obtain the transient value of the power on the 3-phase resistors just by putting 
corresponding sampled terminal voltage value into equation (5.6). However, the DC 
offset is advent in the sampling circuit. If the instantaneous power is calculated directly 
from the instantaneous voltage value, the DC offset will surely affect the test result. As 
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such the DC offset should be effectively removed with the proposed algorithm. 
During the coasting period, the amplitude of the Back-EMF signal is always 
decreasing. If we survey the Back-EMF curve on the whole, i.e. from the first sample 
point to the last one, an exponential like wrap around function can be found over the 
amplitude of the original Back-EMF curve. Please refer to Fig. 4.5. As such the power 
can also be reflected from the decreasing amplitude of the Back-EMF voltage. The 
following shows the amplitude based method of the power calculation. 
 
Fig. 5.14 Phase Voltage Amplitude Processing Diagram 
Above all, given the raw sampled Back-EMF data, the whole data is searched for 
captured peak value of the voltage signal and also the sample index corresponding to 
the peak is recorded into an array. After that, 3-phase amplitude arrays are merged into 
one with respect to the recorded sample index and phase sequence. By observing the 
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merged amplitude array, apparently we can find the amplitude descending together 
with some level of fluctuation mixed in it. Again, optimal spline is utilized for the 
noise cancellation and smoothing, which results in the entire trends of Back-EMF 
amplitude. Then, regarding a specific speed value during integration, the voltage 
amplitude in the resultant optimized spline interpolant is calculated. 
On getting the corresponding voltage amplitude from the spline optimized voltage 
interpolant, due to the symmetry of the resistor braking circuit imposed, the power can 
be written in the following form with the Uamp rather than instant voltage value U(t). 
 ( )
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 (5.12) 
where, r is the inner resistance of the motor and R for the external braking resistor. 
Since we consider the motor as a whole in the integration equation (5.9), the 3 in the 
above equation stands for the 3-phase, and amplitude voltage divided by square root of 
2 means the virtual value of the voltage, which is used for the calculation of power, 
with the assumption of pure sinusoid waveform of Back-EMF within on one electrical 
cycle. 
5.4.6. Speed and Time Mapping 
However, in the real application, every data array, such as the voltage (power), speed 
and acceleration, corresponds to a time array, which is the basis of the mapping 
transformation. Because, during the coasting period of the motor, the speed and time is 
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monotonic relationship, regarding a specific integral speed value, we can always find a 
voltage and acceleration corresponding to it. By searching the optimal spline processed 
speed vs. time curve, we can find a time instant corresponding to the specific integral 
speed point. Then we can use the time instant value obtained to get the values needed 
for calculation, such as speed, acceleration and voltage, which just corresponds to the 
integral calculation speed point during the integral process in equation (5.9). 
The following figure demonstrates this mapping process intuitionally. 
From the following figure, the integral bound is chosen to have a common speed range 
in either the freewheeling state or braking freewheeling state. Since, during the braking 
freewheeling state, the motor is stopping faster, with the same sample points the motor 
is going to have wider speed range calculated in the braking freewheeling. However, 
concerning the friction cancellation in the inertia measurement, the speed has to be 
commonly chosen as a prerequisite indicated by integral bound in the figure. 
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Fig. 5.15 Time Speed Mapping Illustration 
Given an integral speed point for calculation in equation (5.9), just like the dashed line 
in the figure for illustration, two acceleration values, which correspond to the 
freewheeling and braking freewheeling respectively, can be mapped and found as is 
Chapter V 
- 103 - 
shown in the arrow direction in the above figure. Similarly, the voltage amplitude, 
which is a must in the calculation of power, under specific speed point, can also be 
mapped and surveyed in the same manner. As a result, with the integral kernel being 
calculated, the inertia value can be computed. 
5.5. Measured Inertia Results Analysis 
The inertia result of a fluid dynamic bearing with two disks installed is shown in the 
following table. The average result of inertia measurement is 622.6312 (g⋅cm2). 
Table 5.1 Inertia Measurement Result (2 disks, FDB, 7,200 rpm) 











































































































































































































In the above table, the deviation denotes for the difference between a test result and the 
averaged test results value. Percentage denotes for the deviation with averaged value. 
From the above table, the inertia value varies within the range of ±1 %.  
From the aspect of physics, the disks, each of which weighs about 22.9 g, are made of 
alumni and coated with other materials. It has inner diameter of 25.0 mm and outer 
diameter of 32.0 mm. Its width is about 1.2 mm. Thus the inertia from its centroid is 
around 570 g⋅cm2. As for the other parts rotated together with the motor rotor, there are 
two spacers, one top-cover and 6 skews. The inertia values of them are hard to 
determined, but they do not account much in the entire MOI. The motor rotor is around 
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30 g⋅cm2. Altogether, the MOI of the motor is around the range of 610 g⋅cm2. 
The table of measurement results clearly elucidates the usability of the proposed 
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6. Conclusion 
6.1. Summary of the Measurements Carried Out 
As no sensor is allowed to be installed on the HDD components, sensorless method is 
a must in the measurement and R&D of spindle motors used in HDDs. In this thesis, 
sensorless techniques for the measurement of Torque constant/Back-EMF constant and 
the system moment of inertia of HDD used spindle motors are introduced in detail. The 
measurement results corresponding to each quantity are demonstrated and analyzed 
within every chapter. 
In the MOI measurement process, the accuracy of the speed is very critical in the final 
measurement result. However, when the sensorless method is utilized to detect the 
motor speed, the speed contains serious noises and is discrete. We must use effective 
method to filter out the noise and reconstruct the signal. As such, in the thesis, a data 
fitter based on the Optimal Spline algorithm is proposed for this task. Both the 
theoretical results and experimental results manifest the usability of the data fitter as 
well as the effectiveness of the noise removal. 
As for the torque constant or Back-EMF constant, because of the utilization of 
integration algorithm proposed, the experiment result is very stable. Moreover, the 
method is rpm-independent, which is suitable for the application in the small form 
factor spindle motor, such as one or sub-inch drives. 
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As far as the MOI measurement is concerned, the frictional-cancellation based 
sensorless method has been totally computerized as part of the AIO system and can 
generate stable results. Additionally it is very convenient for its implementation in the 
quality analysis of HDD products. 
6.2. Future Work 
The proposed sensorless methods in this thesis are effective in processing the 
sensorless speed signal, analyzing the torque or Back-EMF constant, and computing 
the moment of inertia of the system sensorlessly. Nowadays, the HDD techniques and 
products are evolving swiftly. The methods in the thesis can be also further developed 
to meet the new requirements of the HDD industry in the future. These progresses can 
be summarized in the following area. 
6.2.1. Sub-inch Form Factor HDD Sensorless Measurement 
Recently, there is a consistent trend to make the HDD space-saving. Lots of companies 
are interested in the 0.85-inch HDD products, which could be ideally used in the cell 
phone or other hand held devices. However, for such a kind of motor, due to its 
smallness, the friction advent in the motor bearing might make the freewheeling speed 
different from the traditional one. Further research may be needed for improving the 
proposed methods and making the sensorless measurement still effective to these mini 
HDDs. 
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6.2.2. Bearing Considerations 
In the thesis, we have applied the proposed methods to test the ball-bearing motor as 
well as fluid-dynamic-bearing (FDB) ones. The results have proven that these methods 
are sound. Nevertheless, in the near future, the track density or TPI will be further 
increased. So as to cooperate with high TPI, some new kinds of bearings will be used, 
e.g. aero-dynamic-bearing (ADB) and active-magnetic-bearing (AMB). The new 
bearing system could make the motor performance different from the existing ones. 
Thus we should refine the proposed methods for matching the variation of the motor 
performance under different bearing systems. 
6.2.3. Fast Measurement 
Based on the proposed methods in the thesis, we can realize the measurement in a 
short time. However, to us these methods in production line requires even faster 
measurement. It is expected that the proposed methods can be improved and optimized, 
which will further expand its application areas. 
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